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Summary

This chapter collects the notation of the specification: the metavariables (Figure S1), the judgement forms with
the figure defining each (Figure S2), and the auxiliary functions with the section defining each (Figures S3 and
S4). The specification is mechanised in Isabelle/HOL'; where a figure, definition or result has a counterpart in
the mechanisation, its caption or heading ends with the name of the counterpart, such as check_program in
Figure 3.5-3.

lhttps ://github.com/pure-py/isabelle-purepy
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variable

variable; idiomatically f a function, c a class and « a type parameter

optional type variable, a or ¢

name of a module, class, type alias or type parameter

number, an integer or a float; also sequence length and exit status, both integers
string

literal

binary and unary operator

expression

pattern

comprehension qualifier

case of amatch

statement

function definition

type

type expression, a type as written
primitive type

type or field scheme

import

field list of a dataclass

top-level statement

type definition

argument: an expression, pattern or value
argument list

program, a finite map from module names to bodies

predefined modules, each with its signature

command-line arguments of a run, a sequence of strings

predefined modules, each with its environment, for a run with arguments .4

context, a finite map from variables to context entries

context entry

fully-qualified class name; also the class so named and the type of its instances
class table, a finite map from classes to class table entries

static outcome of a statement

optional return type, 7 or ¢

shape, denoting values of a type, idiomatically / residual

finite set of heads excluded by a shape

head, a literal, class or list of length n

bindings of a dictionary shape, a finite map from keys to shapes
ordered sets of shapes, idiomatically K matched and L residual

Values and results

<

~x I xS oo

value

environment, a finite map from variables to values

loaded module environments, a finite map from module names to environments
dictionary entries

outcome of statement evaluation, a completion with printed values

completion of a statement

result of expression evaluation

match result

termination kind

meaning of a primitive, a function from a sequence of values to a result

Figure S1: Metavariables used throughout specification
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Reading

type 7 is well-formed

context entry 6 is well-formed

context I is well-formed

class C is well-formed

class table ¥ is well-formed

head h has type 7

shape k has type 7

shape k splits at the head tested by p, giving K and L

pattern p matches shapes K of k, leaving L

patterns p match shapes K of k, leaving L

pattern p matches shapes K of L, leaving L’

C[c] is the instance of C at r

class C is incomparable with ¢

7 and o are apart

equality at 7 needs equality at type variable &, or at a callable type if
Eise

equality at class C needs equality at its type parameter &, or at a
callable type if & is ¢

pattern p checks against type 7, binding A

name ¢ denotes context entry 6

type expression {/ denotes type 7

type o is a subtype of T

expression e synthesises type 7

callee e at arguments € synthesises parameter types ¢ and return
type o

expression e checks against type 7

comprehension qualifiers g are well-formed and bind A
statement s has static outcome R, with return type ¢

definition d synthesises type scheme 7

definition d checks against type scheme x

cases b have static outcome S, transforming remaining type r and
residual L to 7" and L’

top-level statement ¢ of module g has static outcome R, extending >
to X’

type definition y is well-formed

name x imported from module signature I has context entry 6
imports 7 of module g yield context T

submodule chain ¥ extends signature T of module g to I”

module g checks with signature T’

program M is well-formed

value v is well-typed at context entry 6

environment p is well-typed at context T’

statement s evaluates to outcome o

top-level statement ¢ of module g evaluates to outcome o
expression e evaluates to result r

expressions ¢ evaluate, left to right, to result r

comprehension qualifiers g evaluate to result r

body of module g evaluates to outcome o given loaded module
environments £

bodies of modules g evaluate to outcome o given loaded module
environments £

program M run with arguments A prints v and ends with
termination kind x

Figure S2: Judgement forms
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Function

Functions on syntax
assigns(t)

declares(t), declares(?)
type-entry(q, X, i),
type-entryr(q, x)
type-context(q, ¥, i)

class-tabler(gq, ¥, i),
class-tabler(q, ¥)

scope(y, s)

binds(p), binds(p), binds(g),

binds(s)
captures(e)
captures(g)
fv(e), fv(e), fv(r)

tyvars(T)

Functions on types and shapes
base-type(f), base-type(r)

o Vs 1, \Vs(7)

oA T
match-args(z, o),
match-args(7, 5)
type-argss(a, o, 1),
type-argsy(a, o, 7)
elem-type;(7)

shapes; (7, H), shapes;(7)

shape-type(k)
matched-ass (T, 7, p)
remaining, (T, 7, p)
resolve-ops (O, 01, 02),
resolve-ops(8, o)

Result

set of variables

sequence of variables

context entry, or
sequence of context
entries

context

class table

context

set of variables

set of variables
set of variables
set of variables

set of variables

type

type

type

context binding type
variables at types
context binding type
variables at types
type

ordered set of shapes
or of shape sequences
type

type

type

type

Meaning

variables declared or assigned in ¢, not descending
into nested functions

names declared in ¢, or bound by imports 7, in order
and with duplicates, not descending into nested
functions

context entry associated with definition y; of
mutual type region ¥ of module g under T, or with
each definition of y

context resolving type expressions of definition y;
of mutual type region y of module g under T

class table contributed by definition y;, or by all
definitions, of mutual type region y of module g
under T

each variable declared or assigned in s unbound;
defined iff parameters or imported names y, names
declared in s, and pattern variables of s are distinct
and pairwise disjoint

variables bound by pattern p, by patterns p, by
generators of qualifiers g, or by patterns within
statement s

variables of enclosing scope captured by lambdas in
e

variables of enclosing scope captured by lambdas in
qualifiers g

free variables of expression e, or of each expression
in €; type variables of type T

type variables bound by context I or free in its
entries

base type of literal ¢, or of type ¢

larger type if comparable, and union otherwise
greatest type below both

type arguments from one-way matching of 7
against o, or of 7 against &

type arguments from one-way unification of ¢ with
7, or of o with 7

type of elements drawn from 7 by generator
shapes of 7 once heads in H are excluded;
sequences of shapes of 7

least type of shape k

type 7 is matched as by pattern p

type remaining from 7 if pattern p fails to match
return type of most specific overload at the operand

types

Figure S3: Auxiliary functions: syntactic analyses and types
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Function Result

Functions on classes and modules

submods(q) context

unique-to(q’, ¢) sequence of module
names

loads(q, ¢) sequence of module
names

import-env () environment

own-fields(¢), own-fields(y)  sequence of bindings

type-params;(C) sequence of type
parameters

bases(C) instantiated class or L

fieldss(C) field scheme

ancestorsz(C) set of classes

ancestor-args;(C[7], D) sequence of types

field-maps(C, %) map from variables

resolve(p, q) value

name(q) string

Functions on values

type-of(v) type

real(n) extended real number

f1(x) float

float(x) result

trunc(x) integer

floordiv(n, n’) float

mod(n, n’) float

eq;(v,0) result

eq-elemsy(v,7") result

iny(v,v") result

in-elemss (v, V) result

elems(v) sequence of values

iter(v) sequence of values

getitem(v, v") result

result(o) result

matchs(p, p,v) match result

match-fieldss(p, C,a,z: V) match result

dispatch(p, v, p, 5) bindings and
statement

update(d, §”) dictionary entries

setitem(d, w, v) dictionary entries

Meaning

stub for each submodule of ¢

modules which strictly contain ¢’ but do not
contain g, shortest first

modules g extended by modules loaded by ¢, in
load order

environment bound by imports 7 given loaded
module environments £

fields declared by ¢ or y, with type expressions
type parameters of class C

base class of C at its declared type arguments
fields of class C with their types, inherited first,
under its type parameters

C and its base classes

type arguments of instantiation of D above C[7]
argument supplied for each field of C; defined iff
arguments cover them exactly

value denoted by name q in p

string literal naming module ¢

run-time type of v

denotation of number n other than nan

real number x rounded to float

real number x rounded to float;
aborts(OverflowError) if infinite

integer part of real number x

floor division of floats

remainder of float division, with sign of n’
structural equality; aborts(undef) between functions,
between Boolean and number, and between nan and
nan in container

elementwise equality of value sequences

whether v is element of v’; excluded for range or
non-string key, TypeError otherwise

whether v has element equal to v

elements of list, tuple or string

values drawn from v by generator: keys of
dictionary, m, ..., n — 1 for range with start m and
stop n

subscripting; IndexError for index out of range,
KeyError for missing key, excluded for range,
Boolean index or non-string key, TypeError
otherwise

statement outcome as result: returned value, None
for normal completion, abort unchanged

bindings of pattern variables if p matches v,
no-match if not, undef if equality of numeric literal
pattern p and v undefined, excluded for list or tuple
pattern against the other or a range, match-fieldss
for constructor pattern

sub-patterns of a against object fields; TypeError for
excess sub-patterns, excluded if fields not covered
case taken by match, or termination kind if
matching aborts

6 updated by ¢’ in order, later replacing earlier

é with w bound to v, replacing earlier binding

Figure S4: Auxiliary functiong: classes, modules and values
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1 Conformance

This document defines PurePy version 0.27.7. PurePy is a subset of Python, defined by static rules: a Python
program is a PurePy program if it has the syntax of Chapter 2, and a PurePy program is well-formed if it satisfies
the well-formedness rules of Chapter 3. Not every behaviour excluded by PurePy can be rejected statically,
however (the excluded behaviours are summarised in informative Annex B). A run which reaches one of these
dynamically excluded operations, such as comparison of two functions, has undefined behaviour, and aborts
with undef. In all other respects PurePy agrees with Python: every well-formed program is syntactically valid,
in that it does not raise SyntaxError under Python, and every terminating run with defined behaviour under
PurePy produces the same result under Python. Figure 1-1 classifies programs and runs by their outcomes under
the two languages. The hatched cells of the figure are empty because every well-formed program is syntactically
valid. Each result in the last column is the same as under Python. For PurePy 0.27.7, Python means Python 3.12
and mypy means mypy 2.3.1 with its default options. Chapter 2 gives the abstract syntax; the lexical syntax is
that of Python (§2.1). Chapter 3 defines well-formedness, the static part of the definition, and Chapter 4 the
operational semantics, which is defined for well-formed programs.

A language implementation conforms to the PurePy specification if it accepts exactly the well-formed programs
and, on every run with defined behaviour, produces the Python result; on any other run it may either abort
and report undef, following the semantics, or produce the Python result. For each rejected program which
is syntactically valid, a conforming implementation also reports whether the rejection is by design or for an
exclusion from this version (§1.1). The conformance suite (§1.2) organises its tests by their outcomes under
Python and under PurePy (Figure 1-1).

PurePy (subdirectory)
Python Rejected by Rejected by Excluded from Well-formed, Well-formed,
(directory) parser type checker this version yields yields other
parser-rejects/ | typing-rejects/  excluded-for-now/ aborts(undef) result
undefined/ agrees/
Raises
SyntaxError
python-rejects/
Raises other Python runtime
exception error
python-raises/ (Figure B.3-1) :
. Dynamically
Syntacticall :
Does not raise e)};?ll?gega Y Statically : excluded
exception excluded : (Figure B.1-2)
python-succeeds/ (Figure B.1-2) :
mypy-bug/
Same result as Python Excluded by PurePy Python raises exception
Cannot occur it Well typed under mypy Excluded from this version

Figure 1-1: Programs and runs, classified by Python and by PurePy, with test directories



1.1 Excluded Python features

A syntactically valid Python program may use an excluded Python feature: a syntactic form, module or attribute
which PurePy does not include. Each excluded feature is either excluded by design, because it conflicts with the
design goals of PurePy, such as immutability, or excluded from this version, meaning it is likely to appear in a
future version of the language. Figure 1.1-1 lists the features excluded by design; any other excluded feature is
merely excluded from this version, and Figure B.2-1 in informative Annex B lists the common ones.

A program may also be rejected because it uses an included feature in a way which the well-formedness
rules do not allow, such as a non-Boolean test. Such uses are excluded by design, except for the uses of
predefined functions listed in Figure 1.1-2, each of which depends on a feature excluded from this version. Every
dynamically excluded operation is excluded by design.

Feature Python Exclusion

Mutable state

global and nonlocal Assign to variable of enclosing scope Syntactic

del Remove binding Syntactic

Augmented assignment +=, etc. Update in place if type supports it Syntactic

Walrus operator := Assign within expression Syntactic

Item assignment xs[0] = v Update container in place Syntactic

Mutating methods of 1ist and dict, such as append and  Update container in place Static

update

Attribute assignmentp.x = v Update object in place Syntactic

Built-ins setattr and delattr Set or delete attribute named by string Static

is and is not, except with None, True or False Compare objects by identity Syntactic

Built-in id Return identity of object Static

Iteration

for and while loops, break and continue Iterate by updating loop variable Syntactic

yield, yield from and generator expressions Create generator, consumed by mutation Syntactic

Built-ins iter and next Create or advance iterator Static

Load-dependent meaning

Import inside function body or branch, or after statement Dependencies of module discovered as body Syntactic
executes

Wildcard import from q import * Introduce names of q implicitly Syntactic

Reflection

Built-ins eval and exec Run code given as string Static

Built-in getattr Read attribute named by string Static

Built-ins globals, locals and vars Return namespace as dictionary Static

Built-in __import__ Import module named by string Static

Implicit coercions

Dictionary with keys other than strings, such as {1: v}  Accept any hashable key Static

Key type other than str, such as dict [int, str] Accept any hashable key Syntactic

Optional and gradual typing

Parameter or return type without annotation Accept definition without annotations Syntactic

Annotation which is not a type, such as 1 or Ignore annotation Syntactic

list[int, int]

Any and cast of typing Disable static checking of value Static

Reserved words

Soft keywords match, case, type and _ as identifiers Allow as identifiers except where they are Syntactic

keywords

Figure 1.1-1: Python features excluded by design
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Use Depends on excluded feature Exclusion

print inside function Expression-level printing Static
print as first-class value *args, keyword-only parameters and default values Static
round with second argument Default values Static
sys.exit with no arguments Default values Static

Figure 1.1-2: Uses of predefined functions excluded from this version

1.2 Conformance suite

The conformance suite pairs each test with the verdict given by Python itself, and runs on CPython, GraalPy,
and Pyodide. A test in python-raises/typing-rejects/, for example, is a program which raises an exception
other than SyntaxError under Python and is rejected by the PurePy type checker; the directory of a test names
the row of Figure 1-1 for the outcome under Python, followed by the column for the outcome under PurePy. A
test which fails because of a bug reported in mypy or a Python implementation is recorded as expected to fail;
Figure 1.2-1 lists these behaviours.

Construct Reported in Behaviour Issue

Match on Boolean literal scrutinee, mypy Reports missing return, ignoring Boolean python/mypy#22202
with cases covering its value value known from literals

Operator // on floats GraalPy Quotient 1 greater than in Python for some oracle/graalpython#1274

operands, suchas 1.0 // 0.1

Figure 1.2-1: Behaviours reported as bugs, with disagreement accepted by conformance suite

1.2.1 Attribution of ill-formedness

So that rejections can be traced to the specification, tests of ill-formed programs attribute the ill-formedness
to the judgement at which each program fails and, if possible, to a rule. Implementations can then compare
diagnostics with the attributions. The first line of the main module of each test cites the judgement form, by the
identifier exported for the form by the conformance package, followed optionally by a rule:

The cited judgement is the innermost judgement to fail in an attempted derivation. For example, a call with too
few arguments to a callee of union type cites call rather than call-union, because the call fails for one disjunct of
the callee type.

The conclusion of a rule matches a judgement if a substitution for the metavariables of the conclusion yields
the judgement, apart from any derived type, context or value, which is absent from a failing judgement. A
judgement selects a rule if the rule is the only rule with a conclusion matching the judgement, or, of several
rules with matching conclusions, the only rule with its selecting premises holding. Selecting premises are the
premises which decide between rules with matching conclusions, such as premises on the types synthesised by
subexpressions or on the context entries of names. Citations name the rule selected by the cited judgement, or
the judgement alone if the judgement does not select a rule. For example, an unbound variable cites var, which
is the only rule for variables, and 1 + "a" cites binop, which has operator resolution as a side condition. A class
given too many type arguments cites ty-class, which is selected by the context entry of the class name, and a
list subscripted by a string cites subscript-list, which is selected by the type of the list. An annotation with an
unbound name cites the judgement for type expressions alone, and a subscripted integer cites the synthesis
judgement alone, since the selecting premises of every matching rule fail.

Type mismatches cite the subtyping judgement between the synthesised and expected types, and the rule
selected by the subtyping judgement. In the subtyping judgement, a literal type is taken as its base type unless
the other type is also a literal type. Thus an expression of type list[str] assigned to a variable declared at
list[int] cites subty-list. If the subtyping judgement does not select a rule, the type mismatch cites instead
the judgement and rule with the subtyping judgement as a premise, so the declaration x: int = "a" cites
declare-assign rather than check-syn.
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2 Syntax

The syntax of PurePy is given in Figures 2.3-1, 2.3-2 and 2.3-3. Figure S1 summarises the metavariables used
throughout. A sequence X denotes xi, ..., x, for some n; inside the brackets of a tuple, list, type application or
argument list it stands for the comma-separated elements, so (€) is (ey, ..., €,). The sequence x - X has head x
and tail X, the sequence X - x has last element x, X ++ ¥ is concatenation, ++(X) is the concatenation of the
sequences in X, and x" is x repeated n times. Comma-separated elements inside set braces are pairwise distinct,
s0 {x1, ..., x,} has n elements; the set of the elements of a sequence, {x}, assumes no distinctness. A sequence
comprehension (x; | i € I), where the finite index set I carrieg a total order, denotes the sequence of the x; in that
order. Two sequences of equal length paired by a colon, X : ¥, denote the sequence of pairs X : Y1,...,Xn: Yn. A
judgement applied to sequences of equal length holds pointwise, so that ;T — ¢/ > 7 abbreviates ;T - ¢; > 1;
for each i. When the order of its elements matters, a set {xi, ..., x,,} is ordered by position. A comprehension over
an ordered set preserves the order of its source; X \ 'Y keeps the surviving elements of X in their order; X v Y,
defined when X and Y are disjoint, appends the elements of Y to those of X; X U Y appends the elements of Y
not in X; and a product of ordered sets is ordered lexicographically. The brackets | x| and [x] denote the floor
and ceiling of a real number x.

2.1 Lexical syntax

The grammar of PurePy is an abstract syntax, so its metavariables n and w range over numbers and strings
rather than over the numerals and string literals of the source text. Numbers are integers or floats, which are
distinct even when they denote the same real number, such as 3 and 3. 0. Floats are IEEE 754 double-precision
numbers, and float literals are rounded to the nearest float.! The constants inf and —inf are the infinities of IEEE
754, and the constant nan is a NaN of IEEE 754; every operation with a NaN result gives nan, so that nan is the
only NaN of PurePy and evaluation is deterministic. Variables are Python identifiers other than keywords and
the soft keywords match, case, type and _ (§B.1.1); _ is the wildcard pattern. Python writes a negative number
as unary minus applied to a numeric literal; the translation to abstract syntax folds the minus into the literal, so
a number may be negative. Python’s grammar writes a chain of and or or operators as one operator applied to
a list of operands; the translation groups the chain to the left as binary operators. The translation of source
text into abstract syntax otherwise maps each form of Python’s grammar to the form of the same shape in
Figures 2.3-1 and 2.3-2, including the indentation that delimits blocks. The translation depends on the source
text alone. In particular, a call g(a) or g[e](a) is translated in the same way whether or not q denotes a class;
the well-formedness rules treat such a call as a constructor call when ¢ denotes a class (Chapter 3). A list of
type parameters is always present in the abstract syntax and may be empty; in source an empty list is omitted,
because in Python’s grammar the list is optional and, when present, has at least one element. An expression
statement print(e) maps to PurePy’s print statement. The grammar as written admits some programs which
Python rejects as syntax errors, such as a function with two parameters of the same name or a return outside a
function. Figure 2.3-4 lists the conditions, most of them distinctness conditions, which rule out these programs.

2.2 Contexts

Metavariables x, y, z, f, ¢ and a range over variables; idiomatically f is used when the variable is expected
to denote a function, ¢ when it is expected to denote a class and & when it is a type parameter. A name q is a
non-empty sequence of variables separated by dots (Figure 2.3-1): a variable is a simple name, and a name with

The Python language reference requires only machine double precision for floats (https: //docs . python. org/3/reference/datamodel . html).
CPython, PyPy and GraalPy round float literals to the nearest double, and so meet the stronger requirement of PurePy.

12


https://docs.python.org/3/reference/datamodel.html

at least one dot is qualified. A name is fully qualified when it is read from the root of the module hierarchy;

modules (§2.4) and classes (Definition 2.2) are identified by fully-qualified name.

Context entries

0 = T (Definitely assigned)
| DU(7) (Definitely unassigned)
| PU(7) (Possibly unassigned)
| Unbound (Unbound)
| va.t (Type scheme, @ non-empty)
| PU(Va. 1) (Possibly unassigned type scheme)
| Mod(q) (Module stub)
| Mod(g,T) (Checked module, with signature I')
| Type(C) (Class)
| TypeVar (Type parameter)
| TypeAliasp(q, ¥,i)  (Type alias)
| (

Predef

Class entries

ClassDefr(q, ¥, i)

Predefined name)

(Class definition)

Figure 2.2-1: Context entries and class table entries

Definition 2.1 (Context). A contextT (or A) is a finite map from variables to context entries 6 (Figure 2.2-1).
We write T, x : 0 for ' with its entry for x replaced by 8, dom(T') for the set of variables with an entry in T, and
@ for the empty context.

A predefined name is a member of a predefined module whose meaning is fixed by PurePy, such as 1ist or
dataclass; its entry records only that it is in scope, and it does not denote a value, so it cannot appear in an
expression. A type parameter or type alias denotes a type rather than a value, so it too can be mentioned only
by a type expression. The entries Type(C), TypeVar and TypeAlias;(g, ¥, i) are named after the Python classes
type, typing.TypeVar and typing.TypeAliasType of the objects denoted by a class name, type parameter or
alias at run time. The entry TypeAlias;(g, y, i) records the alias declared by y; in the mutual type region y of
module g, resolved under T".

The definite-assignment terminology is borrowed from Java [Gosling et al., 2025, §16]: a variable bound to a
type is definitely assigned. A variable with entry DU(r) is declared at 7 and definitely unassigned, like a blank
final in Java before its assignment. A variable with entry PU(7) is declared at 7 and possibly unassigned, because
it is assigned on some paths but not on all. A function name with entry PU(Va. 7) is bound at the type scheme
Va. 7 on some paths but not on all. A variable with entry Unbound is declared later in its scope, which Python
reports at runtime as an unbound local. It is useful to represent contexts as total functions on the set of all
variables by extending the codomain with L to indicate undefined.

Definition 2.2 (Class name). Class names C are fully-qualified names q.c, where c is the name under which the
class is defined in module g. A module defines each name at most once, so class names identify classes, and we
write “class C” for the class named C. A class name is also the type of the instances of the class.

Definition 2.3 (Class table). A class table ¥ maps each class name C in its domain to a class table entry
ClassDefr(q, y,i) (Figure 2.2-1), which records the class definition y; of mutual type region y of module g
defining C, and the context I' in which the region appears. Every class named in ¥ is in dom(2), and the
base-class relation on dom(2) is acyclic.

The type parameters, fields and base class of C are read from X(C) by auxiliary functions type-paramsy, fieldsy
and basey (§A.3), the latter two resolving the field annotations and base class of the definition under the context
given by type-context.(gq, y,i) (§A.1). The class table is similar to the class table of Featherweight Java [Igarashi
et al., 2001]; the well-formedness rules build it while checking the class definitions of the program (Figure 3.3-5).
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2.2.1 Context operations

Contexts admit a non-commutative monoid of sequential composition I' ® A (“override”) and up to type
equivalence, an idempotent commutative semigroup of parallel composition T @5 A (“merge”). Together these
form a right near-semiring [van Hoorn and van Rootselaar, 1967]: ® right-distributes over @, but left distributivity
does not hold. Both are defined pointwise, by (T - A)(x) = I'(x) - A(x) for each operation -, from operations
on context entries. Override is right-biased and has L as both left and right unit, and is defined in the same
way on any finite map with L for undefined, such as an environment or class table. Merge has no unit, since
a variable defined in only one of the two contexts is possibly unassigned after the merge. Merge of different
type schemes is undefined; a scope declares each name at most once, so the type schemes of functions agree
across branches and the case does not arise. The types of declared variables also agree across branches, but
patterns bind variables without declared types, at types which may differ between branches. When both entries
of a variable are defined, merge therefore gives an entry at the join of the two types, definitely assigned if both
entries are definitely assigned and possibly unassigned otherwise.

Definition 2.4 (Override of context entries).

1L®6=20
0®L=20
0® 0 =0 (otherwise)

Definition 2.5 (Merge of context entries).

0®s0=0

o®sT=0VsT ifo+r

0 @5 & =PU(o Vs 1) if  # 6’ and 6 € {DU(c),PU(0)}, 8’ € {r,DU(z), PU(T)}
o ®xs 0 =PU(c Vs 1) if 0 € {DU(1),PU(7)}

1®s 0=0&s L=PU(r) if e {r,DU(7),PU(7)}

0 @5 8 = PU(Va. 1) if 0 = 0 € {va.r,PU(Va. ), 1}

2.3 Statements and expressions

Statements are sequenced by juxtaposition, s s’; a function body, branch of a conditional and body of a case are
statements. Type definitions y are class definitions or type statements. Top-level statements t are statements
or mutual type regions, also sequenced by juxtaposition; the body of a module after its imports is a top-level
statement, so type definitions occur only at the top level of a module. Type aliases are declared by type
statements. Function definitions, class definitions and type statements bind distinct type parameters @, written
in brackets after the name as in Python 3.12. A mutual def region d; ... d,1, is a maximal contiguous block of def
statements: any other statement separates mutual def regions. Maximality is not enforced by the grammar in
Figure 2.3-1; the parser is responsible for grouping consecutive defs into a single mutual def region. A mutual
type region xi ... Xn+1 is @ maximal contiguous block of type definitions, grouped by the parser in the same way.
The well-formedness rules treat each mutual def region and each mutual type region as one mutually-recursive
binding.

An argument list a (Figure 2.3-2) is a sequence of positional arguments followed by keyword arguments
X = u, where an argument u is an expression in a call and a pattern in a constructor pattern. A constructor call
may also pass type arguments to the class; a constructor pattern cannot, since Python does not permit type
arguments in a constructor pattern. The auxiliary function field-mapy, (§A.3) pairs each field of the class with
an argument: the positional arguments fill the leading fields in order, and a keyword argument x = u fills the
field x. It is defined only if every field receives exactly one argument.

2.3.1 Type annotations

Parameters, returns and dataclass fields are annotated with type expressions ¢, and an assignment may be
annotated. A type expression is an expression (Figure 2.3-2) denoting a type 7 (Figure 2.3-3). Type expressions
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Statements

s = s¢ (Seq)
| pass (Pass)
| x: Y (Declare)
| x=e (Assign)
| x:y=e (DeclareAssign)
| e (ExprStmt)
| print(e) (Print)
| assert e (Assert)
| assert e, ¢ (AssertMsg)
| return (ReturnNone)
| return e (Return)
| ife: selife : s ...elife, : s, (If)
| ife: selife : s .. elife, : s,else: s (IfElse)
| match e: by ... by (Match)
| dy ... dpit (MutualDefRegion)
Top-level statements
= s (Stmt)
| tt (TopSeq)
| X1 o Xnt1 (MutualTypeRegion)
Type definitions .
X = (@dataclass class c[a](q[y]) : ¢ (DataclassExtend)
| @dataclass class c[a] : ¢ (Dataclass)
| type x[a] = ¢ (TypeAlias)
Imports
i = import q (PlainImport)
| from q import Xy, ..., X441 (FromImport)
Cases
b = casep:s (Case)
Field lists
¢ = Xt Y e Xnst Van (FieldList)
| pass (EmptyFieldList)
Names
q = XX (Name)

Function definitions

d = def flAl(:y) > Y s (Def)
Figure 2.3-1: Modules and statements

and types have the same forms, except that a type expression has a type-name form q[z/_/)], in place of which a
type has two forms: instantiated classes C[7], which are classes applied to type arguments, and type variables a.
A primitive type is a name, or the literal None; 1ist, tuple, dict, Callable and Literal are names. Following
Python’s typing module, a single type argument stands for the one-element tuple; when there are no type
arguments the subscript is omitted, unless the type takes a variable number of type arguments, in which case
the empty tuple must be supplied. The only such type is tuple, so the empty tuple type is tuple[()]. The
parameter list of a Callable type is a list. In a literal type Literal[¢], the literal £ may not be a float; floats
are excluded from literals by the Python typing specification.? A union ¥ | ¥ applies the binary operator |.
A dataclass specifies its base class by a type expression of the form g[/]. Resolution (§3.1) takes g[¢/] to C[7]

thtps://typing.python4org/en/latest/spec/literal.html
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Expressions

e = X (Var)
| 14 (Literal)
| e(a) (Call)
| {er:ef,....,e,: €/} (Dict)
| e.x (Attribute)
| ele’] (Subscript)
| IZoX4 (BinOp)
| Se (UnOp)
| e and ¢’ (And)
| eor ¢ (Or)
| e, if eelse e, (CondExpr)
| [er, ..., el (List)
| €,..., € (Tuple)
| [eg ... gl (ListComp)
| {e:e g ... gu} (DictComp)
| lambda X: e (Lambda)
Comprehension qualifiers
g = ife (Guard)
| for x ine (Generator)
Literals
¢t = n (Number)
| w (String)
| True (True)
| False (False)
| None (None)
Argument lists
a = ux=u (Args)
Patterns
p =t (PatLiteral)
| x (PatVar)
| _ (PatWildcard)
| [p1s s pPnl (PatList)
| Pls s P (PatTuple)
| q(a) (PatConstr)
| {w: p} (PatDict)
| pasx (PatAs)

Figure 2.3-2: Expressions and patterns

when g denotes the class C, to the type variable a when q is a type parameter « and there are no arguments, and
to the instantiation of the alias when q denotes a type alias. The substitution [7/&]o replaces each occurrence
of @; in o by 1;, a plain replacement, since every type variable in a type is free, and is defined only if 7 and &
have the same length. A scheme 7 (Figure 2.3-3) binds type parameters & in its body. Schemes are identified
up to renaming of their type parameters. The body of a type scheme Va.  is a type; the body of a field scheme
Va.Xx: T is a sequence of fields X with their types 7. The instantiation of & at &, written x[c], substitutes ¢ for
@ in the body: [o/a]r for a type scheme and X: [5/&]7 for a field scheme. A scheme without type parameters
is its body, with the V& omitted. The fields of a class (§A.3) form a field scheme.
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Primitive types

Type expressions

v = object (Object) Y= v (Primitive)
| Never (Never) | list[y] (List)
| None (None) | tuple[iy, ..., ¥n] (Tuple)
| bool (Bool) | dict[str, ¢/] (Dict)
| int (Int) | Callable[[¢y,..., ¥,],¥] (Callable)
| float (Float) | Literall?] (Literal, £ not a float literal)
| str (Str) I gl ¥l (TypeName)
| Sized (Sized) | vy (Union)
Types
T o= v (Primitive)
| list[r] (List)
| tuple[ty,..., T,] (Tuple)
| dict[str, 7] (Dict)
| Callable[[ry,..., Tul, 7] (Callable)
| Literal[?] (Literal, ¢ not a float literal)
| a (TypeVar)
| Clry,..., T (Class)
| olt (Union)
Schemes
T = vYa.t (Type scheme)
| va.x: T (Field scheme)
Figure 2.3-3: Type expressions, types and schemes
Form Condition

@dataclass class c[o?](q[l}]) 1 ¢, @dataclass class c[a] : ¢
type x[&] = ¢
det fIA1E: §) > ¥ s

distinct type parameters &

distinct type parameters @

distinct type parameters @; distinct
parameters X

lambda X: e distinct parameters X

u, X=i' distinct keyword arguments ¥
{w: p}

case p: N

distinct keys w
distinct variables bound by pattern p

top-level statement ¢ return only within function bodies

Figure 2.3-4: Conditions ensuring every program is syntactically valid Python

2.3.2 Operators

The metavariable © ranges over the supported binary operators other than and and or, and © over the supported
unary operators, both enumerated in Figure 2.3-5. The operators and and or are distinct expression forms, since
they need not evaluate both operands. The grammar of Figure 2.3-2 is intentionally ambiguous on operator
forms; disambiguation is by the precedence and associativity given in Figure 2.3-5, which follow Python. It is
ambiguous in the same way on tuples and tuple patterns, which are written with grouping parentheses where
Python’s grammar requires them. The empty tuple is written (), one-element tuples carry a trailing comma,
(1,), and trailing commas are permitted wherever Python’s grammar permits them.

2.4 Modules and programs
Definition 2.6 (Program). A PurePy program is a finite map M from fully-qualified module names (Figure 2.3-1)

to module bodies, with a distinguished main module named __main__. We identify a module with its fully-
qualified name, writing “module ¢” for the module named g. A module body is a sequence of imports 7, its
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Level Operators Arity  Associativity

(loosest) 1 or binary left
2 and binary left
3  not unary — —
4 == 1= < <= > >= in not in Dbinary left
5 | binary left
6 + - binary left
7 %/ // binary left
8 + - unary = —
(tightest) 9 *x binary  right

Figure 2.3-5: Operator precedence

import prefix, each a plain import import q or a from-import from q import ¥, followed by a top-level statement
t; since imports are not statements, they can appear neither within a statement nor after it. The statement
begins with the declaration __name__: str = name(q), where name(q) is the string literal naming g, binding
the name of the module when the module loads (§3.5).

A second map P gives the predefined modules of Figure 2.4-2, which have no body: P takes each such name
to its signature (Definition 2.7). The two domains are disjoint, and their union is prefix-closed: the parent of
any module in dom(M) U dom(P) is itself in dom(M) U dom(P).> The maps M and P are fixed and ambient
in all definitions that follow. A third map £(A) takes each predefined module to its environment for a run
with command-line arguments .4 (Definition 2.8). Following sys.argv in Python, A is a sequence of strings
beginning with the file name of the main module.

Definition 2.7 (Predefined signatures). Define P to be the map taking each predefined module g to the signature
which binds __name__ at str and each member of g at the context entry given in Figure 2.4-1.

Definition 2.8 (Predefined environments for a run). For a run with command-line arguments A, define £(.A)
to be the map taking each predefined module g to the environment which binds __name__ to name(q) and each
member to the value given in Figure 2.4-2.

The predefined signatures name types that are themselves members, sometimes of another predefined module,
so each is well-formed in their union. The class table of the predefined modules is

3p = {builtins.range: ClassDefr(builtins, y, 1)}
where y defines the dataclass range with fields start: int and stop: int andT is the signature of builtins.

Definition 2.9 (Module containment). Write ¢ < ¢’ (q contains ¢’) when ¢’ = q or ¢’ = q.q" for some ¢, and
< for strict containment.

The metafunctions on modules and classes are defined in §A.3.

3A source tree encodes such an M: its modules are the . py files and the directories, each named by its path, so the domain is prefix-closed
by construction. The statement of a module is the statement sequence of its . py file, or of its __init__.py for a directory, preceded by
the __name__ assignment; a directory without an __init__.py (a namespace package, PEP 420, https://peps.python.org/pep-0420/)
contributes that assignment alone.
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Module Member Entry

builtins len Callable[[Sized], int]
range Type(builtins.range)
round Callable[[float], int]
None Predef
object Predef
bool Predef
int Predef
float Predef
str Predef
list Predef
dict Predef
tuple Predef
sys argv list[str]
exit Callable[[int], Never]
typing Callable Predef
Literal Predef
Never Predef
Sized Predef

dataclasses dataclass  Predef

Figure 2.4-1: Predefined signatures P
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Module Member Value

builtins len Prim(f) where

f(v) = val(n) ifiter() = vy - ... v,
f(¥) = aborts(TypeError) otherwise

range Type(builtins.range)

round Prim(f) where
f(n) = val(n) if n’ nearest integer to n, ties to even
f(n) = aborts(OverflowError)  if n infinite
f(n) = aborts(ValueError) if n = nan
f(v) = aborts(excluded) if v Boolean
f(v,v") = aborts(excluded) if v number or Boolean,

and v’ integer, Boolean or None

f(v) = aborts(TypeError) otherwise

None Predef(builtins.None)

object Predef(builtins.object)

bool Predef(builtins.bool)

int Predef(builtins.int)

float Predef(builtins.float)

str Predef(builtins.str)

list Predef(builtins.list)

dict Predef(builtins.dict)

tuple Predef(builtins.tuple)

sys argv [wi,..., w,] where A = w; -+ w,
exit Prim(f) where

f(n) = aborts(SystemExit(n))  if n integer
f() = aborts(excluded)

f(v) = aborts(excluded) if v not an integer
f(v) = aborts(TypeError) otherwise
typing Callable Predef(typing.Callable)
Literal Predef(typing.Literal)
Never Predef(typing.Never)
Sized Predef(typing.Sized)

dataclasses dataclass Predef(dataclasses.dataclass)

Figure 2.4-2: Predefined environments £(A)
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3 Well-formedness

PurePy excludes some Python behaviours statically and others only at runtime. Well-formedness is the static
part, a judgement on programs defined in this chapter; the operational semantics (Chapter 4) is defined for
well-formed programs. A program is well-formed when it is well typed, so the rules of this chapter give each
expression a type, each statement a static outcome recording either the assignments made or the fact that the
statement definitely returns, and each module a signature. The chapter introduces types and subtyping, then
follows the syntax of Chapter 2, taking statements, expressions and patterns, then modules and programs, and
Chapter 4 gives each of these a dynamic counterpart.

The rules for variables serve two aims: that a program has no mutable state, so a variable never changes
value, and that a well-typed program is also well typed under mypy, unless mypy rejects the program because
of a behaviour reported as a bug (§B.1.5). Within these limits the rules permit as much as possible. For the first
aim, a variable is introduced by a declaration, parameter, import, pattern or generator, and is assigned at most
once, either in its declaration or afterwards; an assignment never introduces a variable nor reassigns one. For
the second, a scope is the body of a module, function, lambda or comprehension, as in Python, and the builtins
enclose every module; a scope declares a name at most once and may shadow a name of an enclosing scope,
hiding it throughout the scope.

Four syntactic analyses support the well-formedness rules: assigns(t), the set of variables declared or assigned
anywhere in t (without descending into nested function definitions, which have their own scope, so that
assigns(t) = dom(A) when ¢ : Assigns(A)); declares(t), the sequence of names declared in ¢, with duplicates, so
that a scope can require its declarations to be distinct; binds(p), the set of variables introduced by a pattern
p, and likewise binds(g) by the generators of qualifiers and binds(s) by the patterns within a statement; and
captures(e), the set of variables from the enclosing scope that are captured by lambdas within expression e, and
likewise captures(g) within qualifiers. All are defined in §A.1.

3.1 Types
'q:96
simple-var simple-module simple-class simple-alias simple-scheme
x:T€l x:Mod(q,T') €T c: Type(C) eT x: TypeAliasy, (g, y,i) €T x:va.r €l || >0
'x:1 T+ x : Mod(q,T") THc: Type(C) T+ x : TypeAliasy.(q, ¥,1) I'x:Vva.r
simple-predef qualified
x: Predef € T F'Hgq:Mod(g,T) TI'kx:0
I x : Predef F'qgx:0

Figure 3.1-1: Name q resolves to context entry 6 under I' (resolve_name)

Function signatures, assignments and dataclass fields are annotated with type expressions, and a type
expression denotes a type under a context and class table (Figure 3.1-2). Every definition carries an annotation
for its parameters and return type, so the type of a definition is given rather than inferred from its body. Within
a type expression, a class name applied to as many type arguments as the class has parameters resolves to
an instantiated class, an alias name applied to type arguments resolves to the instantiation of its alias, type
parameters in scope denote the type variables of those names, and all other names must be predefined names
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STyt

ty-name ty-var ty-class

v : Predef €T a: TypeVar €T T+ q : Type(C) STHYD>7T |7] = |type-params;(C)|
»THvD> v »THab>a T Fqly] > Cl7]

ty-alias

T+ q : TypeAliasy (¢’ ¥, ) X = type x[a] = ¢’ 3; type-contexty, (¢, ¥, i) - ¢ > STHY>G
5T Hqly] e [o/alr

ty-literal ty-list
Literal: Predef €T list: Predef €T XI-y¢y>r
;T Literal[f] > Literal[{] T list[y] > list[7]
ty-dict ty-tuple
dict: Predef € T str: Predef €T STy tuple: Predef € T STy (Vi)
T Fdict[str, ¥] > dict[str, 7] ;T + tuple[y] > tuple[7]
ty-callable ty-union
Callable: Predef €T ;T ¢ > o; (Vi) STHyYy DT S5THyYy Do STHY ot
>;T I Callable[[¢], ] > Callable[[5], 7] STHY Y ot

Figure 3.1-2: Type expression { denotes type 7 under I' and X (resolve_type)

(Figure 3.1-2). The function base-type(r) discards the precision of a literal type, taking Literal[42] to int and
otherwise acting as the identity (§A.2).

Lemmas about subtyping assume well-formed types and a well-formed class table (Figures 3.1-3 and 3.1-4).
The base-class relation is acyclic by the definition of a class table rather than by well-formedness, since the
auxiliary functions on classes are defined by recursion on that relation.

3.1.1 Subtyping

Subtyping (Figure 3.1-5) has every type below itself, a literal type below its base type, and an instantiated
class C[7] below every type that its base class is below, once 7 is substituted into the arguments of the base
(subty-class-extend), and below C[&] when 7 and & are equivalent (subty-class), so that type arguments are
invariant, as for lists and dictionaries; a type variable is below itself and object alone, with object above every
type and Never below every type. A type that is not a union has one disjunct, the type itself; the disjuncts of a
union o | 7 are the disjuncts of ¢ together with the disjuncts of 7. A union is above each of its disjuncts and
below every type that is above all of them. A tuple type is covariant, below another of the same length when
each of its components is below the corresponding component. Two types are equivalent, ¢ = 7, when each is a
subtype of the other; the notations <: and = follow Pierce [2002]. Lists and dictionaries are related only when
their components are equivalent, since both are invariant in mypy (§B.1.5). A callable type is contravariant in its
parameters and covariant in its result, following mypy. The types with a length, namely lists, dictionaries, strings,
tuples and builtins.range|], are below Sized. An int is a float, as PEP 484 requires, so x: float = 0 is
well typed. A bool is not an int, although Python treats it as one.

Lemma 3.1 (Transitivity of subtyping; subty_trans). If =3 wf,X o wfandX 7 wf,X - 0 <: 7 and
SkHr<: 1 thenShko<: 7.

Subtyping of well-formed types is therefore a preorder: reflexive and transitive but not antisymmetric, because
distinct types such as o | 7 and 7 | o are equivalent.

Definition 3.1 (Comparability, join and meet). Two types are comparable when either is a subtype of the other.
Two comparable types join to the larger type and two incomparable types to their union. Two comparable types
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> wf

wf-ty-prim wf-ty-literal wf-ty-var wi-ty-list wf-ty-dict
X7 wf X wf
Svwf 3+ Literal[f] wf S awf 3 list[r] wf 3 b dict[str, ] wf
wf-ty-tuple wf-ty-callable
SEnwfo (Vi) Sto;wf (Vi) S owf
>+ tuple[7] wf 3+ Callable[[c], 7] wf
wf-ty-class wf-ty-union
C € dom(2) |7| = |type-params,(C)| S wfo (Vi) S+ o wf Y1 wf
>+ C[7] wf Skol|rwf
(a) Type 7 is well-formed (wf_ty)
Y 6 wf
wf-unbound wi-type-var wf-mod wf-predef wf-du
2 wf
> + Unbound wf 3+ TypeVar wf > - Mod(q) wf > - Predef wf >+ DU(r) wf

wi-pu wf-scheme wf-class wf-mod-loaded
SO wf 0 €{r,va.r} S+ Callable[[], r] wf C € dom(®) SHT wf tyvars(l) = @
3+ PU(O) wf 3+ Va.Callable[[d], r] wf > + Type(C) wf ¥ + Mod(gq,T) wf
wf-type-alias
ST wf tyvars(l') = @ X = type x[a] = ¢
dom(class-tabler(g, ¥)) € dom(X)
3 - TypeAlias;(q, x, i) wf
YT wf
wf-cxt
S HT(x) wf  (¥x € dom(T))

YT wf

(b) Context entry 6 and context I are well-formed (wf_entry, wf_cxt)

Figure 3.1-3: Well-formed types, context entries and contexts

meet to the smaller type; a meet of incomparable types distributes over a union, takes tuples componentwise
and callables with parameters joined and results combined using meet, and is Never otherwise, since no value
belongs to both types. So joining a type with itself gives that type, joining a class with its base class gives the
base class, and joining int with str gives int | str. A sequence of types is joined by folding binary join over
the sequence, with Never as the unit (§A.2).

Lemma 3.2 (Type lattice; join_upper). Types ordered by subtyping in X, up to equivalence, form a bounded
distributive lattice: o Vs t is the least upper bound of o and t, o A5 7 is their greatest lower bound, object is the
greatest type and Never the least.
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Y I C wf-class

wf-class-def
3(C) = ClassDefr(q, ¥, i) ST wf tyvars(I') = @ dom(class-tabler(q, ¥)) € dom(Z)
Y+ D[g]wf D +#builtins.range fv(D[c]) Ca (ifbases(C)= D[5])
fieldsy(C) = Va. X: 7 Skowf fv(r)ca (v)) X distinct
>+ C wf-class

(a) Class C is well-formed

=2 wf
wf-class-table
>+ C wfclass (VC € dom(2))
=2 wf
(b) Class table X is well-formed (wf_class_table)
Figure 3.1-4: Well-formed classes and class tables

Sho<:rT

subty-refl subty-class-extend subty-class

type-params,(C) = @ bases(C) = D[] >+ D[[?/alo] <: Sto=1 (Vi)
Skr<:it SEC[F]<: 7 S+ C[e] <: C[7]
subty-never subty-object subty-int-float
Yk Never <: T Y 7<: object Y+ int <: float
subty-sized subty-list
7 alist, dictionary, string or tuple type, or builtins.range|] o=t
Y1 <: Sized 3 1list[o] <: list[r]
subty-dict subty-callable
Sro=tT Sk <o (Vi) Sro<:T
3 dict[str, o] <: dict[str, 7] 3+ Callable[[dy,...,0,], 0] <: Callable[[ry,..., 7,], 7]
subty-tuple subty-literal subty-union-left subty-union-right
Sko<:r (Vi) 3 + base-type(f) <: T Sho<:t SkFo<: 7

>+ tuple[oy,..., 0,] <: tuple[ry,..., Tal Sk Literal[f]<: 7 Sto<:t|r Sto<:t|r

subty-union
ShHr<:o ST <:o
SkHr|r'<: o

Figure 3.1-5: Subtyping (subty)
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3.2 Expressions

Within an expression the typing judgement gives each subexpression a type, and is bidirectional. Synthesis
3;T + e > 7 reads a type out of an expression (Figures 3.2-1, 3.2-2 and 3.2-3), and checking ;' - e < 7 tests
an expression against a type supplied by its surroundings (Figure 3.2-5). The division follows the usual recipe
for bidirectional systems [Davies and Pfenning, 2000, Dunfield and Krishnaswami, 2021]: introduction forms
check, since a lambda’s parameters cannot be annotated and an empty list does not determine its element type,
and elimination forms synthesise, since a call, a subscript or an attribute reference starts from a subterm whose
type is known. Python has no annotation form (e : 7), by which such systems usually let a checking form
occur where synthesis is required, so PurePy gives each introduction form a synthesis rule wherever its parts
determine the type, an approach also taken by Swift, Kotlin and Scala [Apple Inc., 2025, JetBrains, 2025, Odersky
et al., 2025].

Variables, literals, attribute references, calls, constructor calls, operators and subscripts synthesise. A variable
synthesises a type only when its context entry is a type (var), so a variable that is not definitely assigned, or a
name bound at a type scheme, does not synthesise a type. A literal ¢ synthesises the literal type Literal[?],
except for a float literal, which synthesises float.

The fields of a class C form a field scheme fieldsy(C) over its type parameters, with one binding x: 7 per
field: the fields of its base class first, recursively and instantiated at the type arguments of the base, then the
fields declared by C itself, each at its declared type; the fields of an instantiated class C[7] are the instantiation
fieldss(C)[7]. The order matters, because a constructor call pairs positional arguments with fields by position.
A call q(a) is a constructor call if g denotes a class. A constructor call pairs each argument with a field using
field-mapy, and infers type arguments 7’ for the class C that g resolves to, using type-argsy, (§A.2) over the
arguments that synthesise, as in callee-scheme (constr). The arguments are checked against the field types
instantiated at 7/, and the call synthesises C[7’]. A constructor call of the form g[¢/](a) takes the type arguments
denoted by ¥ instead (constr-explicit). An attribute reference e.x has the type of the field x of the class
synthesised by e (attr-object). The signature of a predefined module binds __name__ at str and each member at
the type given in Figure 2.4-1 (Definition 2.7). A module attribute reference e.x resolves as a qualified name
to a definitely assigned member (attr-module). A variable bound to a module or class is not an expression on
its own, and occurs only as the head of a qualified name. In a subscript e[¢’] there is a rule for each container
that e can synthesise: a list (subscript-list) or string (subscript-str) with e’ of type int, and a dictionary with
¢’ of type str (subscript-dict). Tuples have three rules: an index of type int gives the join of the component
types (subscript-tuple-int), unless it synthesises a literal type, in which case it gives the component type at that
position, counting from the end when the index is negative (subscript-tuple, subscript-tuple-neg). A subscript,
attribute reference or call with a subject synthesising a union is typed at each disjunct, with a variable in place
of the subject, and synthesises the join of the results (subscript-union, attr-union, call-union). Generators
need no such rule, because elem-type; takes a union to the join of its disjuncts’ element types. Dunfield and
Pfenning [2004] state union elimination once, for an arbitrary evaluation context; here union elimination is
stated separately for each elimination form.

The call rule for a call e(€) uses the auxiliary judgement 3;T - e, € > &, ¢ (Figure 3.2—4), which determines
parameter types ¢ and return type o from the callee along with its arguments. The remaining premises check
the arguments against &, and the call synthesises . The auxiliary judgement has two rules. A callee that
synthesises a Callable type gives the parameter and return types of that type (callee). A name bound at a
type scheme Va.Callable[[5], o] instantiates the type parameters from the arguments (callee-scheme). The
type arguments are collected by type-argsy (§A.2) over the arguments that synthesise, by a one-way unification
of each parameter type with the synthesised type, in which the type parameters a are the unknowns: a type
parameter takes the type found at the same position in the synthesised type, with one found at several positions
taking the join of those types. Arguments that do not synthesise, such as lambdas, are left out. The parameter
and return types are instantiated at the type arguments given by the context, which must bind every type
parameter.

Lambdas, applied lambdas, lists, tuples, dictionaries, conditional expressions and comprehensions check
(lambda, call-lambda, list, tuple, dict, cond, list-comp, dict-comp). A name bound at a type scheme ¥a. o checks
against a type 7 by instantiating @ at the type arguments collected by type-argsy, from o and 7, provided the
instantiated o is below 7 (var-scheme), so a function with type parameters can be passed where a Callable
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>I'Feb>

var literal literal-float attr-module
x:7€Tl n a float literal l—ex:7
>THxb>r1 T+ £ Literallf] ;T no> float STHex>rt
attr-object call
T e C[7] x: o € fieldsy(C)[7] STHeée> 7,1 »T'Hé«t T # None
>ThHex>o STrHe(@)>r

call-lambda-syn
>TrHeée>7 IQ{x:7le>r
;T + (lambda X: e)(é) > T

constr
T+ q : Type(C) fieldss(C) = va.x: ¢ field-mapy(C, a) = {x: €}
I={i|>%THe> i} type-argsy(a,(o; | i€ D), (r; |ie D)a) =7 »THéx[?/a]o
T+ qgla) > C[7]

constr-explicit
T+ q : Type(C) fieldss(C) =Va.x: o STHyD>T field-mapy(C, a) = {x: €} »T'+eé<[?/alc
T glyl(a) > C[7]

binop
»The>o T e >o resolve-op,(®,0,0") = 7'
STFeoe >l

unop
»Tke>o ©e+-n (Vn) resolve-opy (8, o) = rt
X, I'-oe> rt

cond-syn
3T e < bool I={i|%THe>o}=0 5T e <a\s(oiliel) (vjel)
T e if eelse e > \/5(o;|i€)

and or
;T e<bool T+ ¢ < bool ;T e <bool T+ ¢ <bool

;T + e and ¢ > bool ST+ eor e > bool

Figure 3.2-1: Expression synthesis: names, literals, attributes, calls and operators (synth_expr)

type is expected. An expression that synthesises o checks against any supertype of o (check-syn), which applies
only when no other rule concludes Z;T' - e < 7, so both judgements are syntax-directed and an expression has
at most one derivation in each. The simple-scheme resolution rule (Figure 3.1-1) requires the type parameters
to be non-empty, so callee-scheme and var-scheme do not apply to names bound at Callable types, although
they would conclude the same as callee and check-syn.

The forms that synthesise are conditional expressions when a branch synthesises, at the join of the two types
when both branches synthesise and otherwise at the synthesising branch’s type, the other branch checking
against it (cond-syn); tuples when every component synthesises (syn-tuple); comprehensions when the body
synthesises (syn-list-comp, syn-dict-comp); and non-empty lists and dictionaries when at least one element
synthesises, the remaining elements checking against the join of the base types of the synthesising elements
(syn-list, syn-dict). A list, dictionary or comprehension takes the base type of the type synthesised by its elements
or body, since 1ist and dict are invariant and a literal element type would keep the container from matching
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T I e > 7 (continued)

subscript-list subscript-str
T e list[7] T Heé <int The>o base-type(o) = str T e <int
STele]>T ST+ e[e] > str
subscript-dict subscript-tuple
3T+ e dict[str, 7] »:T e <str T+ e tuple[ry,..., Tl 3T+ e > Literal[n] 0<n<m
ST ele]>t ST ele] > Th

subscript-tuple-neg
5T+ e tuple[ry,..., Tp] T+ e > Literalln] -m<n<o0
Tk ele’] > Tmine

subscript-tuple-int
T+ e tuple[7] T+ e > int
T ele'] > Vs(7)

subscript-union
> Thke>ol|d »T®{y:ol-yle]> T »T®{y: o’} -yle]> 1 y ¢ fv(e)
STele]>Tvs T

attr-union
»Tte>o|o TR{y:ol-yx>r HTR{y: o'} Fyx> 1

SThHex>tVvy T

call-union
Tre>o|o 5TR{y:ol-y@ > 5TR{y: o't y(e)> 1’ y ¢ fv(e)

STHe(@>r1vy

binop-union-left

STte>ol|o ST D>p resolve-op;(®, o | ¢/, p) undefined

5TQR{y:ol-y0e>r 5TR{y:0'lFyoe > y & fv(e)
ST+e@e>rvs T

binop-union-right
“ThHebp p not a union »T'+e>o|o resolve-ops(®, p, o | ’) undefined
S5T®{y:olFe0yn>r 5TQR{y:d'lFeoy> y ¢ fv(e)
STHe0e >rvs T

Figure 3.2-2: Expression synthesis: subscripts, and elimination at a union (synth_expr)

any other element type. An empty list or dictionary and a lambda have no synthesis rule at all, so checking
is the only way to type them. A lambda applied to arguments is the exception, since the arguments give the
parameter types, and the call then synthesises the type of the body or checks the body against an expected
type (call-lambda-syn, call-lambda). A non-empty list has both, and the checking rule is still needed when the
expected element type is wider than the type synthesised by the elements, since 1ist is invariant.

Typing a comprehension types its qualifiers, which bind the variables that can be used in the body (Figure 3.2-5).
A generator’s variable is bound at elem-typey, of the type synthesised by the iterated expression (§A.2). A tuple
is iterated at the join of the base types of its components. A lambda within a comprehension may not capture a
generator variable, a side condition of list-comp, dict-comp and qual-generator. Python closures are late-binding
and the comprehension rebinds the variable on each iteration, so the lambda would see the variable’s final value;

27



T I e > 7 (continued)

syn-list syn-tuple
I={i|%TrHe>o}+® 7 = \/5(base-type(a;) | i € I) SThe <t (Vjel) »Tke>r (Vi)
T e, ..., enq] > list[7] T+ (é) > tuple[7]
syn-dict

ST e <str (Vi) I={i|%Tre>o}+0 t = \/x(base-type(c;) | i € I) LThe<ar (vjel)
ST H{e:€f,...,en1: €} > dict[str, 7]

syn-list-comp
STHg: A ST®AFe> T captures(e) N dom(A) = @
T+ [ e g] > List[base-type(r)]

syn-dict-comp
STHg:A ST®AFedstr ST®AFE DT captures((e, €’)) N dom(A) = @
T +{e: ¢ g} > dict[str, base-type(r)]

Figure 3.2-3: Expression synthesis: tuples, lists, dictionaries and comprehensions (synth_expr)

>Tree>a,o

callee
;T e > Callable[[c], o]

>Tree>a,o

callee-scheme
T+ q : Va.Callable[[c], o] I={i|2THFeb> 1} type-argsy(a,(o; i€ I),(r; |ie D)a) =7

ST F q, 85 [7/315,[7 /dlo

Figure 3.2-4: Callee e at arguments € synthesises parameter types ¢ and return type ¢ (callee)

in PurePy a lambda is only able to see the value of the generator variable at each iteration.

3.2.1 Operators

Each operator is overloaded as specified in Figure 3.2-6. The operator | has no overloads, so an expression e | ¢’
does not synthesise a type; the operator occurs only within type expressions, where ¥ | {” denotes a union
(ty-union).

Definition 3.2 (Resolved overload). A resolved overload ((ti, 2), T) pairs operand bounds with a return type;
the judgements of the figure relate operand types to the resolved overloads of an operator.

The binop and unop rules (Figure 3.2-1) take the return type of the most specific overload at the operand
types, resolve-opy (§A.2), so 1 + 2isan int and 1 + 2.0 is a float. Binary operators also have rules for
elimination at a union type (Figure 3.2-2), which apply when overload resolution fails at an operand of union
type: the application synthesises a type at each disjunct, left operand first, and the type of the application is
the join of those types (binop-union-left, binop-union-right). With x of type int | str, the expression x * 2
synthesises int | str. The rules follow the Python typing specification for overloaded calls [Python Typing
Council, 2025]. The unary operators need no such rule, since the overloads in Figure 3.2-6 apply at all subtypes
of bool or float, including unions of such subtypes.

The judgement X - 7 needs-eq ¢ (Figure 3.2-7a) states that equality at 7 needs equality at type variable &,
or at a callable type when ¢ is €. The judgement ¥ - C needs-eq & (Figure 3.2-7b) states the same of class C,
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>IFe<rt

check-syn lambda
>ThHe>o Sro<:T no other rule concludes >;T' e < 7 SI®{x: Tte<r
»lke<r >;T + lambda X: e < Callable[[7], 7]
var-scheme call-lambda
T+gq:Va.o type-argsy(a, o, 7)(a) = 7’ SH[7/alo<: T S THé>T ST®{X:Tire<r
»TrHqg<r T+ (lambda X: e)(€) < T
list tuple dict
»ThHe<r (Vi) SThke<r (Vi) T e <str (Vi) STHe <t (Vi)
> T+ [€] <1list[r] 5T H (e, ..., e,) < tuple[ry, ..., 7ol ST H{e:ef,...,e,: €} <Qdict[str, 7]
cond

;' e < bool e <1 Y -e <t

;e if eelsee, < T

list-comp
STHE: A YGIT®AFedT captures(e) N dom(A) = @
T H[eg]l<list[r]

dict-comp
STHg:A ST®AFedstr SI®AFe <t captures((e, ¢')) N dom(A) = @
T H{e: ¢ g} <dict[str, 7]

(a) Expression e checks against type ©

»THg:A
quals-nil qual-guard
>; T e < bool Z;Fkng
I'ke: @ Z;Fl—ife-E:A

qual-generator
»Theb>r elem-typey(7) = o ST®{x:0l-g: A x ¢ captures(g)
> THforxine-g:{x:o}®A

(b) Comprehension qualifiers g are well-formed and bind A

Figure 3.2-5: Expression checking (check_expr)

where & is a type parameter of C or ¢, by the field types of C. The overloads of == and != (Figure 3.2-6) require
operand types 7 with X t+ 7 needs-eq & for every £, the equality types: comparing two values of type 7 never
reaches a type variable, whose instantiation is unknown, or a callable type, whose values cannot be compared.
For example, a class C with type parameter « and a single field of type C[«] | None, which mentions C through a
type alias, does not need equality at « or at a callable type, so C[o] is an equality type for every o. Comparisons
of functions are therefore rejected statically, and values of an equality type are compared by structural equality,
which is defined except at the dynamically excluded comparisons (§B.1.3).

The final rule of each table closes the judgement under base-typing, letting 1 == 0 use the equality overload
at int, since two distinct literal types are not comparable; 2 ** 3 is still an int, since the direct instance’s
bounds (int,Literal[3]) lie below the base instance’s (float, float). For this operator the binop rule is more
precise than mypy, whose overloads give Any whenever the exponent is not a literal, whereas the most specific
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>+ 0(01,02) : ((TI>TZ)> T)

>+ 0(oy,0;) : ((01,0,),bool) if © € {==, 1=} and 0y, 0, comparable

and 3 i o; needs-eq ¢ (Vi, )
>+ O(oy,1ist[7]) : ((01,1list[r]), bool) if © € {in,not in}and o, 7 comparable
>+ O(oy, tuple[Z]) : ((oy, tuple[7]),bool) if ©® € {in,not in}and o, \/5(7) comparable
Y+ O(oy,03) : ((str,str),bool) if © € {in,not in}and X+ 0y,0, <: str
S+ O(oy,dict[str, 7]) : ((str,dict[str, 7]),bool) if ® € {in,not in}and 3+ o, <: str
>+ 0(oy,0;) : ((float, float),bool) if©ef<,<=,>>=}and 3 + 0y,0, <: float
>+ O(0y,0;) : ((str,str),bool) if©e{<,<=,>>}and 3 + 04,0, <: str
Y+ O(oy,03) : ((int, int), int) ifOef{+ -, //,%and X + 01,0, <: int
Y+ O(oy,0;) : ((float, float), float) if@e{+ -, //,%/}and X - 0,0, <: float
3+ *x(0q,0,) : ((float, int), float) if>F+ oy <: floatand X+ 0, <: int
>+ +(0y,0,) : ((str,str),str) if2Foy,0; <: str

>+ +(1list[o],1ist[7]) : ((Qist[o],1ist[r]), list[o Vs 7])
>+ +(tuple[a], tuple[7]) : ((tuple[s], tuple[7]), tuple[s ++ 7])

Y+ (0, 0,) : ((str,int), str) if>F o, <:strandX |+ o, <: int

3+ *(0y,0,) : ((int, str), str) if X+ o, <:intand X F o, <: str

>+ #(list[r], 03) : ((Qist[r],int), list[7]) ifF o, <:int

Y+ (o, list[r]) : ((int,list[r]),1list[7]) if >+ oy <:int

Y+ *%(oy,Literal[n]) : ((int,Literal[n]), int) if ¥ 0, <: int and n a non-negative integer
3+ *x(0y,Literal[n]) : ((int,Literal[n]),float) if¥ + o; <: int and n a negative integer

X 0(oy,03) t ((11,72),7) if o, or oy a literal type and
3 + O(base-type(o,), base-type(os)) : (11, 72), 7)

>+6(o) : (r,7)

¥ Fnot(o) : (bool,bool) ifXF o <: bool

3+ 6(o) : (int, int) ifoe{+-}andI o <: int
>+ 6(0) : (float,float) if©€{+ -}andX + o <: float
S+oe(o): (r,7) if o a literal type and 3 - ©(base-type(c)) : (r,7”)

Figure 3.2-6: Operator overloads (binop_overloads, unop_overloads)

overload resolves to float.

Lemma 3.3 (Most specific overload; resolve_binop_overload, resolve_unop_overload). If neither oy nor
03 is a subtype of Never and some overload of © applies at (01, 03), then resolve-ops (0O, 01, 02) is defined, and
similarly for resolve-ops (8, o).

3.3 Statements

Definition 3.3 (Static outcome; static_outcome). A well-typed statement has a static outcome R, which is
either Returns or Assigns(A). The outcome is Returns when the statement definitely returns or definitely reaches
assert False. Otherwise it is Assigns(A), where A is a context with an entry for each variable declared or
assigned by the statement (Definition 2.1), recording whether the variable is definitely assigned, definitely
unassigned or possibly unassigned after the statement.

Context operations ® and @5 lift to a right semiring over static outcomes R, with Assigns(®) as left and right
unit for ® and Returns as unit for @5 and zero for ®.
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3 - 7 needs-eq &

needs-eq-var needs-eq-callable needs-eq-list
> - 7 needs-eq &
> I a needs-eq « 3 |- Callable[[7], 7] needs-eq ¢ > I list[r] needs-eq &
needs-eq-dict needs-eq-tuple needs-eq-union-left needs-eq-union-right
3 - 7 needs-eq & 3 - 7; needs-eq & 3 I~ o needs-eq ¢ 3 - 7 needs-eq &
3 bk dict[str, 7] needs-eq ¢ >+ tuple[7] needs-eq ¢ 3 F o | 7 needs-eq ¢ S F 0|7 needs-eq &
needs-eq-instance needs-eq-instance-callable
type-params,(C) = @ > I C needs-eq o; 3 - o; needs-eq & > I C needs-eq ¢
>+ C[c] needs-eq ¢ >+ C[c] needs-eq ¢

(a) Equality at type 7 needs equality at type variable &, or at a callable type if £ is ¢ (needs_eq)
> I C needs-eq &

needs-eq-class
fieldss(C) =Va.X: 7 X 1, needs-eq &
3 I~ C needs-eq &

(b) Equality at class C needs equality at its type parameter &, or at a callable type if £ is ¢ (needs_eq_class)

Figure 3.2-7: Types compared by structural equality

Definition 3.4 (Override and merge on static outcomes; override_outcome, merge_outcome).

Assigns(A) @5 Assigns(A’) = Assigns(A @5 A')
R @5 Returns = Returns &s R = R

Assigns(A) ® Assigns(A”) = Assigns(A ® A”)
R ® Returns = Returns ® R = Returns

The Returns ® R case never arises because statement typing excludes unreachable statements.

The statement judgement 3;T'; { - s : R says that under I' and optional return type {, statement s has static
outcome R (Figure 3.3-1); every rule passes { down unchanged. A sequence s s’ (seq) types s, then types s’
under I" overridden by the context assigned by s. A conditional combines its branches with @y, merging in
Assigns(®) when there is no else branch (if, if-else). A return checks its expression against ¢, which must
be of the form 7, and a bare return requires 7 to be equivalent to None (return, return-none). An expression
statement is typed by one of two rules. If its expression synthesises a type, the type is discarded (expr-stmt). A
call to a callable with result None does not synthesise a type, following mypy (§B.1.5), which rejects such a call
wherever a value is required; such calls are typed instead by call-stmt, which just checks the arguments against
the parameter types. Both rules give the static outcome Assigns(@). A call statement with a callee synthesising a
union is typed once per disjunct (call-stmt-union), following call-union for a call expression. A print statement
requires its argument to synthesise a type, and is typed only when the return type { is absent, which excludes
print statements from function bodies (print).

A variable declaration x: ¥ introduces x at the type denoted by i, without assigning it (declare); an
assignment x = e requires x to be a declared but unassigned variable, and checks e against its declared type
(assign); the form x: 1 = e declares and assigns x at once (declare-assign). Names introduced by declarations
(declare, declare-assign), function definitions (defs) or pattern variables (check-var) must be unbound in the
context. Variables start unbound, since the rules for function definitions and modules check the body under
the context scope(y, s) (§A.1). The rules are unable to reject two bindings of a name in different branches of
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%I kFs: R

pass declare assign
T'(x) = Unbound ST-y>r T'(x) = DU(7) »Tke<r
3;T;{ - pass : Assigns(Q) S0 x: ¢ - Assigns({x: DU(7)}) 50 Fx =e: Assigns({x: 7})
declare-assign expr-stmt print
I'(x) = Unbound STyt >Tkedr >The>o STrHe>o
S Fx: ¢ =e : Assigns({x: t}) 5T e @ Assigns(Q) ;T; e - print(e) : Assigns(Q)
call-stmt

>:T e, e 7,None »Thea?
T ¢+ e(€) : Assigns(®)

call-stmt-union
STre>o|o T ®{y: ol { - y(€) : Assigns(®) T ®{y: o’} { - y(€) : Assigns(®) y ¢ fv(e)
T ¢ - e(€) : Assigns(®)

assert assert-msg

>:T + e < bool e # False T+ e < bool T e <str e # False

% T;{ + assert e : Assigns(®) %;T;{ - assert e, € : Assigns(®)
assert-false assert-false-msg return-none

T e <str > 7 = None
3;T;{ - assert False : Returns 3;T; { - assert False, ¢’ : Returns ;T 7 - return : Returns
return
> I'e<r

;T ;7 - return e : Returns
if
T e <bool (Vi) T Fs R (Vi)
ST if e : s elif e sy ... elif epyq ¢ Sppq ¢ Ry @5 ... B Ry s Assigns(@)

if-else
T e <bool (Vi) T 0 Fs R (Vi)

Tl -if e @ sy elif ey @ sy ... elif e, ¢ Spip else : Sy P Ry @5 ... ®s Ry

seq
50 s - Assigns(A) HT®A; (s : R
% T;¢ Fss’ : Assigns(A) ® R

Figure 3.3-1: Given optional return type {, statement s has static outcome R (check_stmt)

a conditional or cases of a match, since no context holds both. The condition therefore falls to the function
scope, which is undefined for scopes binding a name twice, by parameter, import, declaration or pattern, unless
the name is bound by two patterns. Under mypy a redeclaration is an error (§B.1.5), so the condition keeps
well-typed programs within those accepted by mypy. The exemption for patterns allows the cases of a match to
capture the same name, which is also permitted by mypy.

The conditions of if and assert check against bool, and an assertion message against str (assert, assert-
msg). An assertion of the literal False has outcome Returns, like a return (assert-false, assert-false-msg). A
function body therefore has outcome Returns if each of its branches ends in a return or in assert False, and
in both module and function bodies, a variable assigned in one branch of an if is definitely assigned after the if
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»T;(~s: R

defs .
. declares(d) distinct .
T(f) = Unbound (Vf € declares(d)) THd>m (Vi) A = {declares(d): 7} STIQAN +d <m (Vi)

T - d : Assigns(A)

match .
>THe>o 3T ¢ + o,shapesg(0,2),b : S,Never,®

%T5¢ -matche: b : S

match-partial
> Tte>o 3T ¢+ o, shapesg(o,2),b : S, 7,L T # Never
T, Fmatche: b : S Dy Assigns(®)

Figure 3.3-2: Statement typing, continued (function definitions and match) (check_stmt)

>»I'dox

def-signature
{a} ntyvars(T) = @ I" =T ® {a; : TypeVar,..., a,: TypeVar} STy a LTyt
T +def fla](X: ) -> ¢: s> Va.Callable[[q], 7]

(a) Definition d synthesises type scheme 7 (def_signature)
»I+-d<rm

def-body
I" =T ®{a; : TypeVar, ..., a,: TypeVar} T @ {X: 6} ®scope(X,s); T s : R R =Returns or ¥ 7 = None
T Hdef fla](X: ¥) -> ¢: s < Va.Callable[[d], 7]

(b) Definition d checks against type scheme 7 (check_def)

Figure 3.3-3: Function definitions

T 0 - T,L,I_; : S,/ L

match-case
ST-parHA »THLp~ KL ST®A; s : R

T3¢ - 1,L,case p: s : Assigns(A) ® R, remainingy (T, 7, p), L

match-cases . R
»T;{+1,Lb: S,0,L (-0, L'b S, LT

»Ti{Fr,Lb-b:S@sS, ¢ L

Figure 3.3-4: Given optional return type (, cases b have static outcome S and transform remaining type 7 and
residual L to 7/ and L’ (match_cases)
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¢l t: RAY

top-stmt top-seq
%T;ebs: R LTt Assigns(A) 42" ShgTreArt : RHY
»q¢THs:RAX STttt : Assigns(A)® R 3

types
A = {declares(¥): type-entry.(¢q, ¥)} ¥’ == ® class-tabler(q, ¥) >’; type-context-(q, ¥,i) -y (Vi)

% q;TH ¥+ Assigns(A) 4%/

(a) Top-level statement t of module g has static outcome R, extending 3. to 3’ (check_top_stmt)
5Ty
class .
dataclass: Predef €T own-fields(¢) = x: ¢, X distinct STy o (VD)
3T + @dataclass class c[a] : ¢

class-extend .
I'+q : Type(D) D #builtins.range T+ q'[¢'] > D[6’] dataclass: Predef € T
own-fields(¢) = X: ¢, ¥ distinct STy o (Vi) fieldsy(D) =va'.y: 7 Xn{yt=0

%;T - @dataclass class c[a|(¢[¢']) : ¢

type-alias
STyt
;T + type x[a] = ¢

(b) Type definition y is well-formed (check_type_def)

Figure 3.3-5: Top-level statements and type definitions

when the other branch reaches assert False, and mypy accepts both. A module whose body definitely reaches
assert False is ill-formed, because the top-seq and module rules require outcome Assigns(A). An assertion
of any other expression has outcome Assigns(®), even at type Literal [False]. Here mypy is more precise,
and also treats the code after an assertion as unreachable when the asserted expression is built from False
with not, and and or, or has the declared type Literal [False]. Giving outcome Returns to every assertion
at type Literal [False] would accept more than mypy, however. The expression (False,) [0] synthesises
Literal[False], from the type of the first component, whereas mypy types it at bool (Figure B.1-4).

A match scrutinee synthesises a type o, and its cases b are checked in turn by the auxiliary judgement
%T; - 1,Lb : S, ©/,L (Figure 3.3-4), which threads a remaining type, starting from o, and a residual L of
shapes, starting from the shapes of o (Figure 3.4-3), through the cases, merging their outcomes into S. The
match rule applies when the final remaining type is Never, meaning the match is exhaustive; the match-partial
rule applies otherwise and also merges in Assigns(®), the outcome of the path on which the scrutinee is not
matched by any of the cases. The remaining type, the residual, reachability and exhaustiveness are the subject
of §3.4.

3.3.1 Function definitions

The defs rule for a mutual def region of function definitions synthesises a type scheme for each definition
(Figure 3.3-3), binds all the function names of the mutual def region at the synthesised type schemes, and checks
each definition against its type scheme. For a definition def f[a](x: ) -> ¢: s, the auxiliary judgements
5T Hdo rand 3T + d < 7 synthesise the type scheme from the annotations (def-signature) and check
the body s (def-body). Both rules extend the context with TypeVar entries for the type parameters &, which
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must not intersect with the type variables already in scope (tyvars(I'), §A.1), which may occur in the types of
existing entries; a second binding of the same name would capture those occurrences. A type scheme without
type parameters is identical to its Callable type, so the defs rule binds the name of a function without type
parameters as a variable of that type. The type schemes of functions with type parameters are instantiated
at a call, by the argument types (callee-scheme), and when checked against a Callable type, by that type
(var-scheme). Since annotations denote types, not type schemes, declarations and assignments never bind
variables at type schemes, only at types. .

In the body, the parameters X are bound at the types denoted by ¢; variables declared or assigned in s start
unbound, emulating Python’s scoping of function bodies, which prefers a locally bound name to one visible in
an enclosing scope. A variable of the enclosing scope referenced by the body must be definitely assigned at the
point at which the function is defined, whereas Python resolves the reference only when the body runs. As with
any scope, the names declared in the function, including the parameters ¥, must be distinct from one another
and from any pattern variables in s. The function names of the mutual def region are declared in the enclosing
scope rather than in the function, are distinct and unbound there (defs), and must be distinct from the other
names declared in that scope.

The body s is checked with the return type denoted by ¢, and must have static outcome Returns unless that
type is equivalent to None, so a function that declares a result definitely returns one. A return type such as
int | None does not exempt the body from returning, nor permit a bare return, for compatibility with mypy
(§B.1.5).

3.3.2 Top-level statements

Top-level statements are checked by a separate judgement, 3; ;T — t : R - 3’ (Figure 3.3-5): a sequence
composes in the same way as a statement sequence, a mutual type region of class definitions and type statements
is a top-level form, checked by the types rule, and a plain statement is checked with no return type (top-stmt), a
return outside a function being excluded syntactically (Figure 2.3-4).

Within a mutual type region, a type statement may name any class or alias of the type region, in any order, but
a class definition may name only earlier classes and aliases, because Python 3.12 evaluates the field annotations
and base class of a class when the class statement runs, but evaluates the body of a type statement only when
the alias is first used.! Recursive datatypes are therefore declared with their aliases before their classes, as in
type Expr = Num | Add followed by definitions of Num and of Add with fields of type Expr. A cyclic alias such
as type T = list[T] has no derivation, because resolving its body resolves the alias again.

The types rule (Figure 3.3-5) binds the names of a mutual type region y and adds its classes to the class table
before checking its definitions. The context entry bound to the name declared by y; is type-entry;(q, ¥, i) (§A.1):
the class Type(q.c) if y; is a class definition, and the alias TypeAlias;(q, ¥, 1) if it is a type statement. The class
table is extended with class-tabler(q, ) (§A.1), a class table defining all the classes of the type region. A class
thus has three static forms, as a function has: the class statement y;, which defines it; the context entry Type(gq.c),
by which a variable refers to it by name; and ClassDefr(g, ¥, i) in the class table, the class statement together with
its type region and defining context, from which its fields and base class are read. For a function the three are
the def statement, the type scheme bound to its name and the closure Defr(p, d, ). Aliases and class definitions
under their defining contexts carry the type region and defining context I', because alias bodies, field annotations
and base classes are resolved at each use rather than when the type region is checked. Each definition y; is
checked under the extended class table and the context type-context;(g, ¥, i) (§A.1), by the auxiliary judgement
3; T + x, which binds every name of the type region for a type statement and only the earlier names for a class
definition, as above.

The judgement 3; T - y checks a class definition by resolving the field annotations, which may mention the
type parameters of the class, and requiring the fields it declares to be distinct and, when it extends another class,
the base class to name a class rather than an alias, not to name range, which Python rejects as a base class, and
to resolve to an instantiated class, and the additional fields not to repeat an inherited field (class, class-extend).
Class definitions also require the predefined name dataclass (Figure 2.4-1) to be in scope; every PurePy class
must declare itself a dataclass. A type statement type x[a] = ¢, such as type Pair[T] = tuple[T, TI,

1PurePy does not support from __future__ import annotations, under which Python 3.12 defers evaluation of annotations.
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declares x as an alias of the type denoted by i with the type parameters @ in scope (type-alias). An application
of the alias such as Pair[int] denotes that type at the given arguments (ty-alias), here tuple[int, int], so
types never mention aliases.

3.4 Pattern matching

To check a match with scrutinee type o, the auxiliary judgement ;I + 7, L,E : S, 7/, L’ (Figure 3.3-4)
threads a remaining type T and a residual L through the cases, both over-approximations of the values of ¢
which are not matched by any of the earlier cases. The residual is an ordered set of shapes (Figure 3.4-3), each
denoting a set of values of a single type, and starts from the shapes of ¢; the remaining type is coarser, a type
rather than a set of shapes, and starts from ¢ itself. Two auxiliary functions narrow a type 7 by a pattern p
(§A.2): matched-ass (T, 7, p) is the type to which 7 is narrowed if p matches, and remaining; (T, 7, p) is the type
remaining if p fails. Each case’s pattern is checked against the remaining type (§3.4.1), binding its pattern
variables, and matched against the residual (§3.4.3). Reachability is decided by the residual: a case is reachable if
its pattern matches at least one shape of the residual, and a match with an unreachable case is ill-formed. For
a reachable case, the body is checked under the bindings and its outcome merged into S; the shapes left after
matching and the type remaining if the pattern fails become the residual and remaining type for the case that
follows.

A match is exhaustive when its cases between them match every value of 0. Exhaustiveness is decided by the
final remaining type, which the match rule requires to be Never, with match-partial applying otherwise. The
remaining type thus determines exhaustiveness as well as the types of pattern variables. The Python typing
specification leaves narrowing largely unspecified,? so the remaining type emulates the narrowing of a match
scrutinee observed in mypy (§B.1.5), which subtracts a class only for a constructor pattern that matches every
value of the class, and a tuple only through one refutable component, i.e. one whose pattern can fail to match
a value of the component’s type. Cases that between them cover a field of a class therefore leave an empty
residual but a remaining type other than Never, so a function which returns from each of the cases is rejected as
not always returning, and at a class with a field of type int | None a case Box (n) after a case Box (None) binds n
at int | None rather than at int. The usefulness algorithm for ML [Maranget, 2007] also checks reachability and
exhaustiveness with a single relation. The residual plays the role of the term descriptions of Sestoft [1996], and
the uncovered sets of Karachalias et al. [2015] likewise let the type exclude cases.

3.4.1 Pattern checking

A pattern must check against the remaining type, ;T = p < © < A (Figure 3.4-2), before it is matched against
the residual (match-case). The bindings A give the types of the pattern variables. The judgement holds when
every tuple pattern in p is at a type which has no list or range values, every list pattern is at a type which has
no tuple or range values, every dictionary pattern is at a dictionary type or at a type which has no dictionary
values, every int literal pattern is at a type which has no float values, and every constructor pattern is at a type
at which its class has an instance or with which its class is incomparable, as defined below. List, tuple, range,
dictionary and float values are defined by subtyping:

7 has list values 3+ list[o] <: r for some o, or a disjunct of 7 is a type variable

7 has tuple values > - tuple[d] <: 7 for some &, or a disjunct of 7 is a type variable
7 has range values 3 - builtins.range[] <: 7, or a disjunct of 7 is a type variable

 has dictionary values 3 Fdict[str, o] <: 7 for some o, or a disjunct of 7 is a type variable

T1regd

7 has float values > b float <: 7, or a disjunct of 7 is a type variable

So list types, Sized and object have list values; tuple types, Sized and object have tuple values; builtins.rangel],
Sized and object have range values; dictionary types, Sized and object have dictionary values; float and
object have float values; and a type variable, which may stand for any type, has all five kinds of value. The
rules check a sub-pattern at the type of its position, a tuple component, list element, dictionary value or field,

thtps://typing.python4org/en/latest/spec/narrowing.html
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SHClo]l =t

instance-above instance-object
Sk <: Cla] ¢’ = ¢ whenever X + 1t <: C[d’] type-paramsy(C) = ¢
SHClo] =1 >+ C[] = object

instance-below
type-params,(C) =
ancestor-args,(C[al,D) = 7 match-args(7,6") = y y(a) =0 (Vi) >+ C[o] <: D[d’]
>+ C[s] =< D[&’]

(a) C[] is the instance of C at 7 (instance_at)

SHC|t
incomparable-unrelated incomparable-below
C ¢ ancestorss(D) D ¢ ancestorss(C) type-params;(C) = @ ancestor-argsy(C[a],D) = 7 T#O
>+ C| D[s] >+ C| D[s]
incomparable-list incomparable-dict incomparable-tuple incomparable-callable
S+ C|1list[7] S+ C|dict[str, 7] >+ C| tuple[7] >+ C| callable[[a], 7]
incomparable-literal incomparable-prim
v & {object,Never}
Y+ Cl Literallf] SHClv
(b) Class C is incomparable with 7 (instance_at)
T#O
apart-list apart-dict apart-tuple
T#Ho T#HO T#0
list[r] # list[o] dict[str, 7] # dict[str, o] tuple[7] # tuple[a]
apart-callable apart-class apart-literal
(r-2)#(c-0) T#o X4
Callable[[7], 7] # Callable[[c], o] Cl[7] # C[7] Literal[f] # Literal[f]
apart-differ
neither 7 nor o a type variable or union 7, o with different outermost type constructors
TH#O

T#o

apart-head apart-tail apart-length

THOo T#o HEE
(r-7)#(c-0) (r-72)#(c-0) T#ao

(c) Types t and o, or sequences 7 and &, are apart

Figure 3.4-1: Instance of a class, incomparability and apartness
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ST+ (p) < 7 - {x: Never | x € binds(p)}

check-list
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check-list-none
7 has no tuple or range values no disjunct of 7 a list type [(x) = Unbound (Vx € binds(p))

T+ [p] < 7 - {x: Never | x € binds(p)}

check-dict check-dict-none
STEpr—HA (Vi) 7 has no dictionary values I'(x) = Unbound  (Vx € binds(p))
ST {w: p} < dict[str,r] 4 A v uA, ST {w: p} < 7 - {x: Never | x € binds(p)}

check-constr

I't~q : Type(C)
¢’ field-mapy(C, a) = {x: P} STHp <ol 4N (Vi)
T'qgla)dt A vw-uA,

SEC[e] =1 fieldsy(C)[5] = ¥:
%

check-constr-none

T+ q : Type(C) SHC|r I'(x) = Unbound (Vx € binds(g(a)))
2T+ g(a) < 7 {x: Never | x € binds(g(a))}

Figure 3.4-2: Pattern checking (check_pat)

and a pattern at a union at each of its disjuncts. A variable pattern binds at the type at which it is checked, and a
pattern named by as is bound at matched-ass (T, 7, p); the bindings of sub-patterns compose by disjoint union,
so a pattern that binds a name twice is ill-formed, and at a union the bindings of the disjuncts are joined. A
pattern also checks against a type which has no disjunct of the form matched by the pattern: a tuple pattern
when no disjunct is a tuple type of the pattern’s length, a list pattern when no disjunct is a list type, a dictionary
pattern when the type has no dictionary values, or a constructor pattern when its class is incomparable with
the type (check-tuple-none, check-list-none, check-dict-none, check-constr-none). Such a pattern matches no
shape of the type and binds its variables at Never, the unit of the join; as with a variable pattern (check-var), the
variables must be unbound in I'. At one disjunct of a union it therefore leaves the values of that disjunct to later
cases, and a case with a pattern matching no shape at all is unreachable.

The conditions on tuple, list and int literal patterns ensure that pattern matching always has a result. Under
the evaluation rules, matching a tuple pattern against a list or a list pattern against a tuple, or either against
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a range, or an int literal pattern against a float, aborts with excluded (§A.4), although Python permits all
of these. Tuple and list patterns therefore fail at 1ist[int] | tuple[int, int], at Sized | tuple[int, int], at
list[int] | builtins.range[], and at a type variable. A dictionary pattern at object or Sized, which have
dictionary values, is ill-formed, since the pattern may match a dictionary and yet its variables would be bound
at Never. The int literal pattern 1 narrows to Literal[1], but Python also matches the pattern against the float
1.0, which is not a value of Literal[1]. An int literal pattern at a type with float values is therefore ill-formed
(check-literal).

A constructor pattern cannot name builtins.range (pat-constr). Python rejects positional sub-patterns
for that class, and PurePy excludes the keyword form as well, for uniformity. The condition on constructor
patterns supplies the type arguments omitted by the pattern. The judgement 3 - C[d] = 7 states that C[c] is
the instance of C at the type 7 at which the pattern is checked. A pattern at a union is checked at each disjunct
(check-union), so an instance is never taken at a union. Below C the base classes of 7 determine the instance,
which is unique because type arguments are invariant (instance-above): at IntLeaf, a subclass of Leaf [int],
the instance of Leaf is Leaf [int]. Above C the base arguments of C determine the instance (instance-below):
at Tree[int] the instance of Leaf is Leaf [int], because Leaf [T] extends Tree [T], but the instance of a class
Node [T, U] extending Tree[T] is undefined, since U does not occur in Tree [T]. At object the instance of a
class with type parameters is undefined, since every instantiation lies below object (instance-object).

If the class C of a constructor pattern is incomparable with 7, no value of type 7 is an object of C or of a
subclass of C, so the pattern binds its variables at Never (check-constr-none). A class C is incomparable with
an instantiated class D[] if neither class is an ancestor of the other (incomparable-unrelated), or if the type
arguments of the instantiation of D above C applied to its type parameters are apart from &, differing at some
position outside type variables and unions, so that no instantiation of the type parameters of C makes the two
equivalent (incomparable-below). Constructor patterns are therefore ill-formed at type variables, which may
stand for any type. Constructor patterns naming classes with type parameters are also ill-formed at object and
Never. For example, Node [int, str] and Node[int, bool] both lie below Tree[int], so a pattern naming
Node is ill-formed at Tree [int].

3.4.2 Shapes and shape typing

A shape k (Figure 3.4-3) denotes a set of values of its type shape-type(k) (§A.2). The form 7 \ H denotes the
values of type 7 whose outermost head is not among those in H; the other forms are constructor, tuple, list
and dictionary shapes, each with shapes in place of sub-patterns. A list shape also records its element type,
which the element shapes do not determine. A constructor shape also carries an excluded set: C[7](k) \ H
denotes the instances of C[7], or of any subclass not below a class of H, whose fields, those of C, have shapes k.
A rest shape at a class type denotes the same values as the constructor shape with a rest shape at each field,
and is expanded into that form only by splitting (Figure 3.4-5): a class may refer to itself through its fields, so
expanding in advance would not terminate.

A head itself denotes a set of values: a literal its value, a class its instances, and 1ist, the lists of length
n. Head typing ¥ ~ h : 7 holds when the values of h lie within 7. Shape typing ¥ ~ k : 7 holds when
shape-type(k) is a subtype of 7 and k is well-formed: each excluded head is typed at the type of the shape (at
str, for the keys of a dictionary shape) and each component shape at the type of that component.

The auxiliary function shapess (7, H) (§A.2) gives the shapes of 7 once the heads in H are excluded. A union
contributes the shapes of its disjuncts and a dictionary type the dictionary form; every other type contributes
the single shape 7 \ H, or no shape at all when H exhausts 7. The rest form therefore never carries a union or
dictionary type, and shape-rest states this restriction as a side condition.

3.4.3 Matching

Matching (Figure 3.4-4) has three forms. The form on a single shape k matches a pattern against that shape,
giving matched shapes K and residual L. The form on sequences matches the sub-patterns of a tuple, list,
dictionary or constructor pattern against the component shapes position by position. The form on an ordered
set of shapes L, used by the match rules, matches each shape of L in turn. The pattern need not match every

39



Heads Shapes

h == ¢ (Literal) k == \H (Rest)
| C (Class) | C[Z](ky,...,k,) N H (Constr)
| list, (List of length n) | (ki,.... kn) (Tuple)
H = {h,...h,} (Excluded heads) | [k Kl (List)
| S\: H (Dict)
K, L = {ky,....k,} (Shape set)
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SFh:t
head-literal head-literal-float head-class head-list
Sk Literallf] <: r n a float literal Sk float <: 1 SHClol<: 1
Skt Skn:t SHC:1 b list, @ list[r]
(b) Head h has type 7 (head_typed)
Skt
shape-rest
SFh:t (YheH) 7 neither union nor dictionary type
HT\H: 1
shape-constr shape-tuple
fieldsy(O)[7] = X: & S+h:C[7] (VheH) Stko:op (Vi) Stk (VD)
>+ C[Z](k)\H : C[7] S+ (k) : tuple[7]
shape-list shape-sub
Stk (Vi) SkHk:o SFo<:7T
S+ [k]; ¢ list[r] Skt
shape-dict

Y+h:str (VvheH) SFpBw) . (Yw e dom(p)) dom(f)nH =9
S+ pBN\;H : dict[str, 7]

(c) Shape k has type 7 (shape_typed)

Figure 3.4-3: Shapes and shape typing

shape of L, so pat-shapes takes the shapes of L matched by the pattern, of which there must be at least one, and
passes the unmatched shapes into the residual untouched.

A pattern matches a shape directly if the shape has the head tested by the pattern. Otherwise the shape is
first split by the auxiliary judgement %;T" - k, p ~», K, L (Figure 3.4-5): the shapes K have the head tested by
p, with the shapes of the component types drawn from shapesy, and the residual L is the shape k with that
head excluded as well. The pat-split rule matches the pattern against K and adds L to the residual. Only the
forms with an excluded set split, and no head types at a tuple type, so the excluded set of a tuple shape is empty
and split-tuple leaves the empty residual. Literal types do not include floats, so a float literal pattern matches
a rest shape directly (pat-literal-float) rather than splitting it; the matched shape is the whole shape, and the
residual is the shape with the literal excluded. The matched shape therefore includes values which are not
equal to the literal. Those values are also in the residual, so the residual of an enclosing pattern is the same
as if the matched shape contained only the literal. A constructor pattern whose class lies below a class of the
excluded set matches nothing, because an earlier case for the superclass has already matched every instance. A
constructor pattern matches the instance of its class at the type of the shape (Figure 3.4-1): a pattern Leaf (v)
at Tree[int] matches Leaf [int] and binds v at int.
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w distinct k= B(w;) (Vi) Tk p~ KL
STHBAN, H{w: p}~{f@{w: k'}\,H|k’' eKL{B®{w: }\,H|leL}

pat-constr

T+ q : Type(D) D # builtins.range D € ancestorsz(C)
fieldsy(D) = va.X: ¢ field-mapy(D,a) = {¥: p}  p/=_ (vi) STk p+p’ ~ K, L

=T F C[71()NH, q(a) ~ {C[Z](K)NH | K’ e KL{C[ZI(DNH | [ e L}

(a) Pattern p matches shape k, giving matched shapes K and residual L (natch_shape)

STHKp~ KL
pat-nil pat-cons

LTk p~KL STHkp~K,L

T He e~ {e),@ SThk-kp-p~ KxK ,(Lx{k}w(KxL)

(b) Patterns p match shapes k, giving matched shapes K and residual L
»T+Lp~ KL

pat-shapes
L'={keL|%T+k p~ K L} L'+
ST L p~ Wi Ko Wee Lew (LNL)

(c) Pattern p matches ordered set of shapes L, giving matched shapes K and residual L’ (match_shapes)

Figure 3.4-4: Matching patterns against shapes

41



STk p~n KL

split-literal split-tuple

teH Yk Literal[f]<: T 7 not a literal type 17| = |p

5T =1\ H,t~y, {Literal[f] \ @}, shapesy(r, H U {£}) %;T + tuple[Z]\ @, (p) ~ {(k) | k € shapes.(7)}, ®
split-list

n=lp| list, ¢ H
T+ list[r]\ H, [p] ~ {[k]. | k € shapes;(z, ®)"}, shapes;(1ist[r], H U{list,})

split-dict
w; ¢ dom(f) U H w; € dom(f) (V) <i)
ST\ H{w: p~n {B®{w: k}\,H|ke shapesy (7, 2)}L {8 \; (H U {w:}}

split-class
T'q : Type(C) ancestorsy(C)NH =@
SHC[T] =1 T Az C[7'] = D[5] fieldss(D)[c] = ¥: ¢’ H =f{heH|Z+h: D[]}
T+ o\ H, q(a) ~ {D[c](k) \ H' | k € shapes; (")}, shapes(z, H U {C})

split-subclass
'+ q : Type(D) >+ D[] = C[7] >+ D[g] <: C[7]
D=C ancestorsy(D)NH = @ fieldss(D)[c] = fieldss(C)[7] ++ y: ¢’ H ={heH|Z+h: D[c]}
3T+ C[7](k)\ H, q(a) ~ {D[o](k + k') N H' | k’ € shapes, (")}, {C[7](k) \ (H u{D})}

Figure 3.4-5: Shape k splits at the head tested by p, giving shapes K and residual L (split)

A dictionary shape has a separate form, f \; H, standing for the dictionaries that hold each key w in the
domain of §§ with a value of shape f(w), but that hold no key of H. A dictionary pattern takes its keys in order,
with no key occurring twice. A key in neither f nor H splits the shape at that key (split-dict), adding to the
residual the dictionaries that lack the key; once every key of the pattern is in f§ the keys match as a sequence
(pat-dict), each key w against f(w). The empty dictionary pattern matches every dictionary and leaves the
empty residual.

The cases needed to exhaust a match therefore depend on the type of the scrutinee: a union is exhausted by
covering each disjunct, a class type by a pattern for the class itself, bool by True and False, and a dictionary
type by the empty dictionary pattern, while int, float, str and lists have unboundedly many heads and need
a variable or wildcard. A literal-typed scrutinee is exhausted by covering its literals, so x: Literal[42] = 42
admits a match with a case for 42 alone, while x: int = 42 keeps the type open. Over tuple[bool, bool] the
cases (True, _), (_,False) and (False, True) leave the empty residual, although each covers only part of the

type.

3.5 Modules and programs

Module checking types a module’s body and computes its signature T, the judgement ¥ FHyoq ¢ : T 4 3/
(Figure 3.5-3a); it mirrors loading at run time (Chapter 4). The module rule types the body as a top-level
statement, and the predefined rule gives a predefined module the signature of Definition 2.7. Both import forms
check every module containing the target of the import (Figure 3.5-2). A plain import checks the root and then
each module along the chain of names, recording each as a member of its parent (submodules-cons), so that
the binding for the root gives attribute access along the whole chain. Two imports with the same root, such
as a.b and a.c, both bind the root, and their bindings combine by context extension ' B A rather than shadow
one another. Extension is defined pointwise, like override, and combines module entries for the same module
recursively, preferring checked modules to stubs:
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Definition 3.5 (Extension of context entries).

Mod(g,T) B Mod(q,T”) = Mod(q, T ET")
Mod(g) E Mod(q,T) = Mod(q,T') @B Mod(q) = Mod(g,T)
1BO=0BL=0
0B 0 =6 (otherwise)

A from-import also checks any imported name that denotes a submodule, and the names it imports must be
distinct. A module which strictly contains the target is exempt from checking if it contains the importing module
(§A.3), because at runtime it may still be loading when the import executes. The exemption applies only to
from-imports, because for a plain import a module which strictly contains the target can still be loading only
if it is the importing module, and a plain import of a module contained in the importing module is excluded
outright.

Module checking is defined inductively, so a program with an import cycle is ill-formed. Program well-
formedness (Figure 3.5-3b) requires the main module to be well typed and hence, recursively, every module
that the program can load; a module that is never imported is not checked. The rule module types a module
body under the context of P(builtins), overridden by the imported context and then, as in def-body, by an
unbound entry for each name declared in the body or bound by a pattern in it. The members of builtins are
thus in scope unqualified, and a name bound by the body shadows a builtin throughout the module, so a use of
the name before its declaration is rejected. Under mypy such a use instead resolves to the builtin, following
Python’s run-time lookup. As with any scope, the names declared in the module, including its imported names,
must be distinct from one another and from any pattern variables in its body. Since every module declares

name__ (§2.4), a module is ill-formed if its body declares that name again, imports it, or binds it in a pattern.

The declaration of __name__ is annotated with str, so a module is also ill-formed if its body binds str.

> T, x imports 6 — 3’

imp-member imp-submodule
I'x:0 x:Mod(q) €T S hmed @ 1 AAY
S +T,x imports - % % T, x imports Mod(gq, A) 4%/

Figure 3.5-1: Name x imported from module signature I" has context entry 6 (imports_entry)

The signature I" produced by module checking (Figure 3.5-3a) comprises the classes, type aliases and variables
defined by a module, together with its intrinsic __name__ and a stub for each submodule, but not the names
that it imports: following PEP 484%, an imported name is a private dependency, not re-exported as part of the
interface. Submodule stubs and the bindings of the module body are disjoint, because the module rules exclude
a module that binds a name that is also the name of a submodule.

3https://peps.python.org/pep—0484/
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Sq-T1:T Y

imports-nil import
qd=x-x qKq S bmd X 1 A3 T bab 50X A, TyuqH1:T4Y

Siqhe: 043 ¥;q - import ¢’ -7 : {x: Mod(x, A"} AT 4%’

from-import
X1 ey Xppp distinet B hpea ¢ A3, gy -+ g} = unique-to(q’, q)
%1 Fmod qu A AT (Y)) Smsict = A, x; imports 0; = 2,y (Vi) Swimsq 1 TS

¥;q+ from ¢ import Xy, ..., Xpsq L : X1t Oy Xpyy t Opp JET A Y

(a) Import prefix 7 of module g produces bindings I (check_imports)

5o gL : T

submodules-nil submodules-cons
2 Fmog g.x 1 AT 2 b g, AR 2 A Y
Sk ¢ Le: THX S ¢ x- X : TH{x: Mod(q.x,A")} 4%’

(b) Submodule chain X extends signature T of module q to I (submodules)

Figure 3.5-2: Import typing

SFmed q: T 4Y

predefined
P(q)=T
Zhmaq:THZ

module
M(q)=7t P(builtins) =T TghT: T 4T > ¢;T ® I” ® scope(declares(), t) - t : Assigns(A) - 3/
(dom(T”) U dom(scope(declares(?), t))) N dom(submods(q)) = @

3 Fmod g ¢ Submods(q) ® A 3’

(a) Module g checks with signature I' (check_module)

=M

program
>p Fmod __main__ : ' 42
=M

(b) Program M is well-formed (check_program)

Figure 3.5-3: Module typing
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4 Operational semantics

4.1 Values and environments

Values, environments, outcomes and results are given in Figure 4.1-1. A class value Type(C) is the context entry
of the class, and an object Obj(C, X: ¥) records its class by name and fields in the order given by fieldss(C).
The value Predef(q.x) represents a predefined member by its name alone, such as the class int or decorator
dataclass. The value Unbound marks a variable of the current scope before its declaration is reached, which
Python reports as an unbound local. An environment binds a variable to Unbound wherever the corresponding
context binds the variable to the entry Unbound, so that a shadowed binding of an enclosing scope is not visible.
Throughout this section, X is the class table produced by module checking of the program (§3.5) and, like M
and P, is ambient. For a statement s, outcome (7, ) represents s printing the values 7, in order, and completing
as w. Completion assigns(p) represents s completing normally, with accumulated environment p; completion
returns(v) represents s returning the value v; and completion aborts(k) represents the whole run aborting, with
termination kind .

Definition 4.1 (Composition of outcomes). Composing statements sequentially composes their outcomes
according to the following monoid, analogous to sequential composition of static outcomes:

(v, returns(v)) ® o = (¥, returns(v))
(U, aborts(x)) ® o = (v, aborts(x))
(v, assigns(p)) ® (v, assigns(p’)) = (U ++ 1, assigns(p ® p’))
(v, assigns(p)) ® (', w) = (0 ++ 1, w) (otherwise)

with outcomes of the form (7, returns(v)) or (v, aborts(x)) as left zeros, and (e, assigns(®)) as left and right unit.

Termination kinds k record how a run ends; all but undef and excluded are named after the exceptions
raised by the same program under Python in the same circumstances, except that SystemExit(0) also records
a run which completes normally. A variable read before its assignment aborts with NameError where Python
raises UnboundLocalError, a subclass of NameError; distinguishing the two would require the environment to
record whether unbound variables belong to functions or modules. A run aborts with undef when it reaches
a dynamically excluded operation, one which the type system cannot rule out and PurePy leaves undefined,
such as a comparison of two functions, or an operation whose outcome is not specified by the Python language
reference and which differs between implementations, of which an overflowing ** is the only example at present
(§B.1.3). A run aborts with excluded when it reaches an operation ruled out by the type system, such as a
condition which evaluates to a non-Boolean. Attribute references, dictionary keys and constructor patterns
headed by a built-in class, when ruled out by the type system, also abort with excluded, even though Python
sometimes rejects them; to be more precise here would require the semantics to model the attributes Python
assigns to a value, the keys which Python considers hashable, and whether a value is an instance of an opaque
class such as int (§4.3, §4.4). A primitive Prim(f) is a predefined function whose meaning f is a function from
arguments to results (Figure 2.4-2). Calling Prim(f) with arguments v has result £(?).

Rule conclusions use a monadic let notation over results. If r is val(v), then let v < r in ... is the body with
v bound to that value; if 7 is aborts(x), it is aborts(x) as a result, or (¢, aborts(x)) as an outcome. The body is a
result in the expression rules and an outcome in the statement rules. A final premise needs no propagation rule;
earlier premises have one each, recording the subexpressions evaluated before the failing one (Figure 4.3-6).
The sequence judgement uses results carrying a sequence of values in place of a value.
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: 14 (Literal)
| [v1, ..., 0] (List)
| (1, .0, Up) (Tuple)
| {8 (Dict)
| Lamr(p, _9:5 e) (LambdaClosure)
| Defr(p, d, i) (DefClosure)
| Obj(C,x1: 01+ ... s Xy 0,)  (Object)
| Mod(q) (ModuleStub)
| Mod(q, p) (LoadedModule)
| Type(C) (Class)
| TypeAlias;(q, ¥, 1) (TypeAlias)
| Unbound (Unbound)
| Prim(f) (Primitive)
| Predef(q.x) (Predef)
Environments
pon= X U, e, X UG}
Dictionary entries
O T W iU WuiU,

Outcomes

o == (o)

w = assigns(p) (Assigns)
| returns(v) (Returns)
| aborts(x) (Aborts)

Results

r o= val(v) (Val)
| aborts(x) (Aborts)

Match results

m = match(p) (Match)

no-match (NoMatch)
\ K (Kind)

Termination kinds

k  ::=  TypeError | IndexError | KeyError
| OverflowError | ValueError | ZeroDivisionError
\ AssertionError | AssertionError(w) | AttributeError
\ NameError | SystemExit(n) | undef | excluded

Figure 4.1-1: Values, environments, outcomes and results (val, env, outcome, result)

4.2 Auxiliary definitions

The operators and the other auxiliary functions the evaluation rules use are defined in §A.4, and module and
class resolution in §A.3.

4.2.1 Operators

The implementation of an operator is selected at run time by the run-time types of its operands, using the
run-time overloads of Figure 4.2-1. The function type-of(v) (§A.4) gives the run-time type of a value. Float
arithmetic follows IEEE 754, except that // and % on floats are defined by floordiv and mod (§A.4), in agreement
with the Python Language Reference, §6.7. The operator ** on floats gives the exact power rounded by fl,
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* %

not

(71, 72)
(object,object)
(object,object)

(object,object)
(object,object)

(float,float)
(str,str)
(float,float)
(str, str)
(float,float)
(str, str)
(float,float)
(str, str)
(int, int)
(float,float)
(str, str)

(list[object],list[object])
(tuple[object™], tuple[object™])

(int, int)
(float,float)
(int, int)
(float,float)
(str,int)

(int, str)
(1ist[object], int)
(int,list[object])
(int, int)

(float, float)
(int, int)

(float, float)

(int, int)
(float, float)
(int, int)

(float, int)

bool
float
float

O, v)

val(False) if v = v/ = nan; eqy(v,v”) otherwise
val(True) if v = v" = nan or eq;(v,v”) = val(False);
val(False) if eqy (v, ") = val(True); eqy(v,v") otherwise
ins(v,v")

val(True) if iny(v, ") = val(False); val(False) if
iny(v,v") = val(True); ins(v,v”) otherwise

val(True) if real(v) < real(v’); val(False) otherwise
val(True) if v < v’; val(False) otherwise

val(True) if real(v) < real(v’); val(False) otherwise
val(True) if v < v’; val(False) otherwise

val(True) if real(v) > real(v’); val(False) otherwise
val(True) if v > v’; val(False) otherwise

val(True) if real(v) > real(v’); val(False) otherwise
val(True) if v > v’; val(False) otherwise

val(v +v’)

val(v +v’)

val(v ++v’)

val([#' ++ 0’]) where v = [] and v* = [¢7]

val((v + v")) where v = (vy, ..., v,) and v = (v}, ..., v})
val(v — v’)

val(v — v’)

val(v x v”)

val(v x v")

val(4++(")) where n = max(v’, 0)

val(4+('")) where n = max(v, 0)

val([++(@™)]) where v = [#] and n = max(v’, 0)
val([4++(@@™)]) where v* = [#] and n = max(v, 0)
float(v/v") if v’ # 0; aborts(ZeroDivisionError) otherwise
val(v/v’) if real(v”) # 0; aborts(ZeroDivisionError) otherwise
val(Jv/v’]) if v/ # 0; aborts(ZeroDivisionError) otherwise
val(floordiv(v, v")) if real(v”) # 0; aborts(ZeroDivisionError)
otherwise

val(v — (v x [v/v’])) if v’ # 0; aborts(ZeroDivisionError)
otherwise

val(mod(v,v")) if real(v’) # 0; aborts(ZeroDivisionError)
otherwise

val(v”") if v’ > 0; aborts(ZeroDivisionError) if v = 0 and
v’ < 0; as at (float, int) otherwise
aborts(ZeroDivisionError) if real(v) = 0 and v’ < 0;
aborts(undef) if v finite and fl(real(v)”) infinite;
val(fl(real(v)”)) otherwise

&(v)

val(False) if v = True; val(True) otherwise
val(v)

val(—v)

Figure 4.2-1: Run-time overloads of operators (overloads)
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although a conforming implementation may round it differently (§4.5). The comparisons <, >,<= and >= compare
strings lexicographically by code point. An integer n passed to an arithmetic operator which expects a float is
converted using float(n), and the operator aborts if the conversion aborts. The functions fl and float (§A.4) both
round a real number to a float; fl is a shorthand for rounding attribute roundTiesToEven of IEEE 754, and float
aborts with OverflowError when fl gives an infinity.

Definition 4.2 (Run-time overload; overload). A run-time overload of a binary operator ® pairs operand
bounds (73, 7,) with a definition of ®(v,v’), and applies at operand types (o;, 0,) with ¥ + o; <: 7; and
3+ 0, <: 7. Run-time overloads are ordered by componentwise subtyping in ¥ on their bounds. Run-time
overloads of a unary operator © pair an operand bound 7 with a definition of &(v) in the same way.

The result O(v,v”) is given by the most specific run-time overload of © at (type-of(v), type-of(v")), and
is aborts(excluded) if no run-time overload of ® applies. The result &(v) is given in the same way. Given
x: float = 1, the expression x + 1 has type float but evaluates to 2 via the run-time overload at (int, int).

Lemma 4.1 (Soundness of overload resolution; binop_meaning_typed, unop_meaning_typed). Suppose v :

o1 and=v’ : o, withresolve-ops (O, 01, 03) = 7. Then some run-time overload of © applies at (type-of(v), type-of (v")).
Moreover, ifé(v, V') = val(v") then =o' : 7, and O(v,v") does not abort with TypeError, AttributeError, NameError

or excluded. The analogous statement applies for ©.

4.3 Expressions and statements

The value typing judgement v : 8 says that value v is well-typed at context entry 6, and the environment
typing judgement - p : I' says that environment p is well-typed at context I', meaning every value in p is
well-typed at the corresponding entry in I' (Figure 4.3-1). Each rule typing a value at a type has a subtyping
premise, so at most one rule applies to a given value and context entry. The val-def rule instantiates the type
scheme of a function at closed types, matching the instantiation of names bound at a scheme by the var-scheme
rule. The statement evaluation judgement p, s = o says that s evaluates to outcome o in p (Figures 4.3-2 and
4.3-3). An if or assert statement aborts with excluded when a condition evaluates to a non-Boolean (eval-if-
nonbool, eval-if-else-nonbool, eval-assert-nonbool, eval-assert-msg-nonbool), and a failing assert statement
also aborts with excluded when its message is not a string (eval-assert-msg-nonstr). Top-level statements are
evaluated by a separate judgement, g, p, t = o (Figure 4.3-4), mirroring the static judgement (Figure 3.3-5): a
sequence composes in the same way as a statement sequence, a mutual type region binds each of its names to
type-entry;(q, ¥, i) (eval-types), since class and alias entries are also values, and a plain statement is evaluated
by the statement judgement (eval-top-stmt). Function definitions delimit the scope of sequential-composition
effects, so as black boxes functions are always pure. The auxiliary function result (§A.4) reads the outcome of a
statement as the result of a call; if the statement completes without returning, the result is val(None).

The expression evaluation judgement p, e = r (Figures 4.3-5 and 4.3-7) says that e evaluates to result r in p,
where r is either val(v) or aborts(x) (Figure 4.1-1). A variable not bound in p, or bound to Unbound, aborts with
NameError (eval-var-unknown, eval-var-unbound). Function calls and constructor calls share one syntactic form,
as do subscripting a container and applying a class to type arguments; the semantics distinguishes them by
the value of the callee or subject. A call whose callee evaluates to a class is a constructor call, and a subscript
expression whose subject evaluates to a class evaluates to the class itself, since values carry no type arguments
(eval-constr, eval-class-type-args). A call of a value other than a closure, primitive or class, a call with the wrong
number of arguments, and a constructor call with arguments which do not cover the fields of the class, abort
with TypeError (eval-call-nonfun, eval-call-lambda-arity, eval-call-def-arity, eval-constr-arity), and a reference
to an attribute absent from an object or a loaded module aborts with AttributeError (eval-attr-object-missing,
eval-attr-module-missing), as in Python. The operators and and or evaluate their second operand only when
the first leaves the result open, aborting with excluded if the first operand is not a Boolean (eval-and-nonbool,
eval-or-nonbool), and a conditional expression requires its condition to be a Boolean, like the if statement
(eval-if), aborting with excluded otherwise (eval-cond-nonbool).

A comprehension evaluates its body once for each binding produced by its qualifiers, and concatenates the
results; a generator draws its bindings from the elements of a value, given by the auxiliary function iter (§A.4):
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the elements of a list, tuple, string or range, and the keys of a dictionary, as in Python. A generator over a
value other than a list, tuple, string, dictionary or range aborts with TypeError (eval-qual-generator-nonseq),
as in Python, and a guard aborts with excluded if it evaluates to a non-Boolean (eval-qual-guard-nonbool).
Dictionary expressions and comprehensions with keys other than strings abort with excluded (eval-dict-nonstr,
eval-dict-comp-nonstr), as do subscripting and membership with such a key; Python raises TypeError only for
keys it cannot hash, such as lists, but PurePy has no notion of hashing and cannot distinguish them from other
keys. Subscripting is given by the auxiliary function getitem, and membership by iny (§A.4, §A.4); both abort
with excluded for a range, as does subscripting for a Boolean index, which Python treats as the integer 0 or 1.
An attribute reference on a value other than a module or object aborts with excluded (eval-attr-nonobject). In
this version of PurePy such values have no attributes, whereas in Python a string, for example, has methods; a
reference rejected by Python with AttributeError also aborts with excluded, since PurePy does not keep track
of which attributes Python provides.
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ov:0

val-lit val-lit-float val-list
Y Literal[f]<: T n a float literal Y+ float <: T Fu o (Vi) Y1listlo] <: 7
et Fn:r o] st
val-tuple val-dict
o : oo (Vi) ¥+ tuple[d] <: 7 Fo o (Vi) w distinct 3 Fdict[str,o] <: 7
F@ T F{w:0}: 7
val-lambda
Fp:T I®{x:cl+e<r 3 b Callable[[d], 7] <: 7’
F Lamp(p, X, €) : 7’
val-def

Fp:T declares((;) = j? T-d: Assigns(A) fv(e)) =0 (v))

SEARIG] < 7

val-def-scheme

- Defr(p, d,i) : T

Fp:T declares(c-i) = f THd: Assigns(A) A(f) =va.o

@ non-empty

+ Defr(p, d,i) : Va.o

val-obj val-prim
fieldsy(C)[5] = X: &’ Fu:o) (VD) SHClo]<: 1 E(A)(q)(x) = Prim(f) SEFP(Qx)<:t
FObj(C,X:0) : T Prim(f) : 7
val-predef val-mod val-mod-loaded val-class
q € dom(M) U dom(P) Fp:T C € dom(Z)
I~ Predef(q.x) : Predef F Mod(g) : Mod(q)  Mod(q, p) : Mod(gq,T) F Type(C) : Type(C)
val-type-alias val-unbound val-pu
0 € {Unbound, DU(7)} v =Unboundor v : 0 0 €{r,va.r}

- TypeAlias.(q, ¥, i) : TypeAlias(q, ¥, i)  Unbound : 8

Fp: T

(a) Value v is well-typed at context entry 6 (wf_val)

env-nil env-cons
Fov: 6 Fp:T
FO:Q F{ix:v}®p:{x:6}®T

(b) Environment p is well-typed at context T (wf_env)

Figure 4.3-1: Value and environment typing
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p,s=0

eval-pass

p,pass = (¢, assigns(®))

eval-declare-assign
p.e=r

eval-assign
pe=r

p,x = e = letv < rin (¢ assigns({x: v}))

eval-declare eval-expr-stmt

p.e=>r

p,x: Y =e=letv « rin (& assigns({x: v}))

eval-print
p.e=r

p,x: | = (&, assigns(®)) p,e = letv < rin (g, assigns(®))

eval-return
pe=r

p,print(e) = let v < r in (v, assigns(®))

eval-return-none eval-defs

declares(d) =

p,return e = let v < rin (g, returns(v))

eval-assert

]? v; = Defr(p, z_i i) (Vi) p, e = val(True)

p,return = (¢, returns(None))

eval-assert-msg
p, e = val(True)

p,assert e, e = (¢,assigns(®))

eval-assert-msg-false
p,e=va

p.d = (e, assigns({f : }))

p,assert e = (¢, assigns(?))

eval-assert-false
p, e = val(False)

p,assert e = (¢, aborts(AssertionError))

I(False) pe =r

p,assert e, ¢ = let w

eval-if

p,e; = val(False) (Vj<i)

« rin (&, aborts(AssertionError(w)))

p, ¢ = val(True) D, Si=0

p,if e :

eval-if-none

sy elif e, :

Sy ... elif ey ¢ Sy =0

p,e; = val(False) (Vje{l,..,n+1})

p,if e 1 spelif ey : sy ... elif e, @ Sy = (&, assigns(@))
eval-if-else

p,e; = val(False) (Vj<i) p, & = val(True) DS =0
p,if e spelif et sy ... elif eyyq @ Sppp else t Sy =0
eval-else

p,e; = val(False) (Vje{l,...,n+1}) Dy Snt2 = 0
p,if e+ s;elife; @ sy ... elif e, @ Spppelse : Sy =0
eval-match eval-seq
p, e = val(v) dispatch(p,v, p,5) = (p’, s") p®p,s =0 p, s = (i, assigns(p’)) p®p,s =0

p,match e: case p;: $; ...

case Pny1: Spr1 = (&, assigns(p’)) ® o

p, s s’ = (i, assigns(p)) ® o

eval-seq-return

p:s

= (i, returns(v))

p,s s = (u,returns(v))

Figure 4.3-2: Statement s evaluates to

outcome o under environment p : I' (eval_stmt)
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p, s = o (continued)

eval-assert-fail eval-assert-msg-fail eval-assert-nonbool
p, e = aborts(x) p, e = aborts(x) p, e = val(v) v not a Boolean
p,assert e = (¢, aborts(x)) p,assert e, e = (¢,aborts(k)) p,assert e = (¢, aborts(excluded))
eval-assert-msg-nonbool eval-assert-msg-nonstr
p, e = val(v) v not a Boolean p, e = val(False) p, € = val(v) v not a string
p,assert e, ¢ = (&,aborts(excluded)) p,assert e, ¢ = (¢, aborts(excluded))
eval-if-fail

p.e; = val(False) (Vj <i) p, & = aborts(k)

p,if e ¢ s;elif e 1 s ... elif eyyq ¢ Sy = (&, aborts(k))

eval-if-else-fail
p,e; = val(False) (Vj<i) p, & = aborts(x)

pif e 1 spelif ey : sy ... elif e, @ Spy else @ s, = (g, aborts(x))

eval-if-nonbool
p,e; = val(False) (Vj <i) p, e = val(v) v not a Boolean

p,ife; : s;elif ey : sy ... elif ey @ Spe1 = (€, aborts(excluded))

eval-if-else-nonbool
p,e; = val(False) (Vj <i) p, e = val(v) v not a Boolean

p,if e 1 s;elif ey : sy ... elif ey @ Spyq else @ s,y = (&, aborts(excluded))

eval-match-fail
p, e = aborts(k)

p,match e: case p;: §; ... case Ppii Spr1 = (&, aborts(x))

eval-match-abort eval-seq-fail
p, e = val(v) dispatch(p,v, p, 3) = k p, s = (u,aborts(k))
p,match e: case p;: §; ... case Ppig Su1 = (&, aborts(x)) p, s s’ = (u,aborts(x))

Figure 4.3-3: Statement evaluation, continued (propagation rules and aborting cases) (eval_stmt)

g.pt=o0
eval-top-stmt eval-top-seq eval-top-seq-fail
p,s=0 g, p»t = (4, assigns(p”)) gGp®p ., t'=o0 g, p»t = (4, aborts(x))
¢Gp,S=0 g p»t t' = (4, assigns(p’)) ® o g, p»t t' = (4, aborts(x))

eval-types
p’ = {declares(¥): type-entry (g, ¥)}
q.p. ¥ = (e, assigns(p))

Figure 4.3-4: Top-level statement ¢ of module q evaluates to outcome o under environment p : I (eval_top)

52



p,e=>r

eval-var eval-literal eval-lambda eval-unop
X:VEp v # Unbound p.e=r
p,x = val(v) p, £ = val(f) p, lambda X: e = val(Lamr(p, X, €)) p,©e=letv <« rin &)
eval-binop eval-list eval-tuple
p, e = val(v) pe =r p, € = val(v) p, € = val(v)
pe0e =letv « rin O, v) p, [€] = val([v]) 2, (&) = val((¥))
eval-dict eval-list-comp
poerce..oe, e, = val(wy vy .. W, v,) p, 8 = val(p) pi,e = val(v) (Vi)

pfe €, ..., e, €} = val({update(e, wy : vy« ... - Wyt 0,)}) p,[ e g] = val([v])
eval-dict-comp
p, 8 = val(p) pire = val(w;) (Vi) pi-€ = val(v) (Vi)
p.{e: ¢ g} = val({update(e, w: 0)})

eval-attr-module
p, e = val(Mod(q’, p)) x:vep

p, e.x = val(v)

eval-subscript eval-class-type-args eval-attr-object

p, e = val(v) v not a class pe =r p, e = val(Type(C)) p, e = val(Obj(C, X: v)) x=x
p,e[e'] = letv” < rin getitem(v,v") p,e[¢] = val(Type(C)) p, e.x = val(y;)

eval-constr

p, e = val(Type(C)) p, €+t € = val( ++ 1) fieldss(C) = va.X: & field-mapy(C, (v, y=0")) = {x: u}

[ —

p, e(€, y=¢") = val(Obj(C, X : u))
eval-call-lambda
p, e = val(Lamp(p’, X, €')) p, € = val(u) p®{x:u}e =r

ps e(a =r

eval-call-def R N
_ p.e=val(Defa(p’. d, j)) dj = def fla](x: ¢) > ¢: s
v; = Defa(p’, d,i) (Vi) p, € = val(u) o’ ® {declares(d): v} ® {X: i} ® scope(X, s), s = o
p, e(€) = result(o)

eval-call-prim

eval-and-false eval-and-true
p, e = val(Prim(f)) p, € = val(u) p, e = val(False) p, e = val(True) p e =r
p,e(e) = f(u) p, e and ¢ = val(False) p,eand € =r
eval-or-true eval-or-false eval-cond-true
p, e = val(True) p, e = val(False) pe =r p, e = val(True) peg=r
p, e or ¢ = val(True) peore =r

p,epif eelsee =7r

eval-cond-false
p, e = val(False) p e =T

p,ep if eelsee =1r

Figure 4.3-5: Expression e evaluates to result r under environment p : I' (eval_expr)

53



p, e = r (continued)

eval-binop-fail eval-and-fail

eval-or-fail eval-cond-fail
p, e = aborts(x) p, e = aborts(x) p, e = aborts(x) p, e = aborts(k)
p,e® ¢ = aborts(k) p, e and ¢ = aborts(k) p, e or ¢ = aborts(k) p, e if e else e, = aborts(x)
eval-attr-fail eval-subscript-fail eval-call-fail eval-call-fail-args
p, e = aborts(k) p, e = aborts(k) p, e = aborts(k) p, e = val(v) p, € = aborts(x)
p, e.x = aborts(x) p, e[€’] = aborts(x) p, e(€, y=¢') = aborts(k) p, e(€) = aborts(x)
eval-list-fail eval-tuple-fail eval-dict-fail eval-list-comp-fail-quals
p, € = aborts(x) p, € = aborts(k) p,e € ... e, € = aborts(x) p, 8§ = aborts(x)
p, [€] = aborts(x) p, (€) = aborts(x) p.fe:el,...,e,: €} = aborts(x) p, [ e g] = aborts(x)

eval-list-comp-fail
p, 8 = val(p) pi,e = val(v) (Vi< j) pj, e = aborts(x)
p, [ e g] = aborts(x)

eval-dict-comp-fail-quals
p, 8§ = aborts(x)
p.{e: ¢ g} = aborts(x)

eval-dict-comp-fail-key
p, g = val(p) pie = val(w) p,e = val(v;)) (Vi< j)
p.{e: ¢ g} = aborts(x)

pj, e = aborts(x)

eval-dict-comp-fail-value

pE=val(p)  pue=vallw) pn¢ =vall) (Wi<)) pe=vallw)  pye = aborts(x)

p.{e: ¢ g} = aborts(x)

eval-constr-fail
p, e = val(Type(C)) p, € ++ € = aborts(k)
p, e(€, y=¢€') = aborts(k)

Figure 4.3-6: Expression evaluation, continued (propagation rules) (eval_expr)
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p, e = r (continued)

eval-var-unknown eval-var-unbound eval-attr-object-missing
x ¢ dom(p) x: Unbound € p p, e = val(Obj(C, X: V) x ¢ {x}
p, x = aborts(NameError) p, x = aborts(NameError) p, e.x = aborts(AttributeError)

eval-attr-module-missing eval-call-lambda-arity

p, e = val(Mod(q’, p)) x ¢ dom(p”) p, e = val(Lamy(p, X, "))

p.€=val(d)  [x| = |ul
p, e.x = aborts(AttributeError)

p, e(€) = aborts(TypeError)

eval-call-def-arity
p, e = val(Defa(p’, d, j)) dj =def fla](x:¢) > ¢: s p, € = val(u) %] = |4l
p, e(€) = aborts(TypeError)

eval-constr-arity
p, e = val(Type(C)) p,€++ € = val(U ++ 1) field-mapy(C, (U, y=0")) undefined
p, e(€, y=¢") = aborts(TypeError)

eval-call-nonfun
p, e = val(v) p, € = val(u) v neither closure, primitive nor class
p, e(€) = aborts(TypeError)

eval-and-nonbool
p, e = val(v) v not a Boolean

p, e and ¢ = aborts(excluded)

eval-or-nonbool eval-cond-nonbool
p, e = val(v) v not a Boolean p, e = val(v)

p, e or ¢ = aborts(excluded)

v not a Boolean

p, e if e else e, = aborts(excluded)
eval-attr-nonobject eval-dict-nonstr
p, e = val(v) v neither loaded module nor object poercer ... e, ey=val(v -v]...-v,-V)) v; not a string

p, e.x = aborts(excluded) p.{ei: €, ..., e,: €} = aborts(excluded)

eval-dict-comp-nonstr
p, 8 = val(p) pie = val(w) p,e = val(v;)) (Vi< j) pj, e = val(v)
p,{e: € g} = aborts(excluded)

v not a string

Figure 4.3-7: Expression evaluation, continued (aborting cases) (eval_expr)

pE=Tr
eval-exprs-nil eval-exprs-cons eval-exprs-fail
p, e = val(v) p,E=T p, e = aborts(x)
p, & = val(e) p.e-€=letv « rinval(v-v) p, e €= aborts(x)

Figure 4.3-8: Expression sequence ¢ evaluates left to right to result 7 under environment p : T (eval_exprs)
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pE=r

eval-quals-nil eval-qual-guard-true eval-qual-guard-false eval-qual-guard-fail
p, e = val(True) p,E=r p, e = val(False) p, e = aborts(k)
p, € = val(p) pife-g=r p,if e- g = val(e) p,if e- g = aborts(k)
eval-qual-guard-nonbool eval-qual-generator
p, e = val(v) v not a Boolean p, e = val(v) iter(v) = vy - ... - v, p®{x:v}, g = val(p) (Vi)
p,if e- g = aborts(excluded) p,for x in e- g = val(p, ++ ... ++ p,)
eval-qual-generator-fail eval-qual-generator-nonseq
p, e = aborts(x) p, e = val(v) iter(v) undefined
p,for x in e- g = aborts(x) p,for x in e g = aborts(TypeError)

eval-qual-generator-fail-body
p, e = val(v) iter() = vy - ... v, p®{x:v}, g =val(p) (Vi< )) p ®{x:v;}, g = aborts(x)

p,for x in e- g = aborts(x)

Figure 4.3-9: Comprehension qualifiers g evaluate to result r under environment p : T (eval_quals)
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4.4 Pattern matching

A match statement takes the first case whose pattern matches the value, running its body under the bindings
produced by the pattern, and does nothing if no case matches; the auxiliary function dispatch (§A.4) selects the
matching case. Whether a pattern matches is determined by the auxiliary function matchs(p, p,v) (§A.4). A
match result m is match(p”), a match, where p’ binds the variables of the pattern to the values that they matched;
no-match, a failure to match; or a termination kind «, if matching aborts, such as undef for a numeric literal
pattern if the equality of the literal and the value is undefined. When matching aborts with « before any pattern
matches, dispatch gives k, and the run aborts with x (eval-match-abort). Matching a list pattern against a tuple,
a tuple pattern against a list, or either against a range aborts with excluded (§A.4); a constructor pattern against
an object aborts with TypeError or excluded when the sub-patterns do not cover the fields of the class (§A.4). A
constructor pattern whose head does not denote a class aborts with NameError, AttributeError or TypeError, as in
Python, or with excluded for a predefined class such as int, which Python matches by an instance test (§A.4).

Definition 4.3 (Composition of match results). The match results of sub-patterns compose with ®, matching
sequentially, so that the first failure or abort determines the result:

match(p) ® match(p”) = match((p v p’))
match(p) ® no-match = no-match ® m = no-match

match(p) @ k =k @ m = k
with match(®) as left and right unit.

A constructor pattern matches any object whose class has the pattern’s class among its ancestors, and its
sub-patterns bind the fields of the pattern’s class. Since an object records its class by name, the class test of
matchy is a comparison of fully-qualified names.

4.5 Modules and programs

Module and program evaluation are defined in Figure 4.5-1. A program runs each module body once, after
its imports have loaded, in load order (§A.3). Load order is fixed by the imports alone, since imports precede
statements and so cannot depend on the outcome of a statement. Module evaluation g, £ =noq4 0 runs the body
of module g given the loaded module environments L, a finite map from module names to the environments of
the modules loaded so far. The body runs in the environment corresponding to the context in which the body
was checked (eval-module). Import bindings combine by context extension (Definition 3.5), which is extended
to environments by the same equations, but with values in place of context entries and environments in place of
contexts.

Evaluation of a sequence of module bodies extends £ with the environment of each module in turn (eval-
modules-cons). Following the module rule (Figure 3.5-3a), the environment of a module g consists of a stub for
each submodule of g, overridden by the environment assigned by the body of q. The program rules start from
the environments £(A) of the predefined modules, given the command-line arguments A (eval-program and
eval-program-abort).

A program evaluates to a program result (U, k), pairing its output ¢ with a termination kind « (Figure 4.1-1). The
output is the concatenation of the values printed by the module bodies, and the termination kind is SystemExit(0)
if every module body completes normally, and otherwise the kind of the first module body to abort, after which
nothing more is printed. SystemExit(n) is a run that exited with status n.

Definition 4.4 (Conformance). An implementation conforms to the semantics if, for every well-formed program
M, arguments A and program result (¥, ) with M, A = 0, k and k # undef, a run of the implementation on
M with arguments A writes the values ¥ in order, each as by Python’s str followed by a newline, and reports
termination kind .

The form in which an implementation reports the termination kind is not prescribed. An implementation
also conforms if it meets this definition with the result of ** on floats being the nearest float below or above the
exact power, not necessarily the nearer of the two. Python implementations conform, since they compute ** on
floats with functions such as pow in C and Math. pow in Java, which meet this requirement.
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CI, £ “mod O

eval-module
M(q) =7t g, L(builtins) ® import-env, (i) ® scope(declares(i), t), t = o

q’ L =mod O

(a) Body of module q evaluates to outcome o given loaded module environments £ (eval_mod)

(-i,£ =mod O
eval-modules-nil eval-modules-cons
qs L = mos (U, assigns(p)) ¢, L ®{q: submods(q) ® p} =med 0
&, L =04 (¢, assigns(®)) q° G, L =moq (U, assigns(?)) ® o

eval-modules-fail
q, [: =mod (17’ aborts(lc))

q- C_j, L =mod (l_)), aborts(lc))

(b) Bodies of modules g evaluate to outcome o given loaded module environments £ (eval_mods)

M, A =1,k
eval-program eval-program-abort
loads(e, __main__), E(A) =moq (U, assigns(p)) loads(e, __main__), E(A) =meq (U, aborts(k))

M, A = v, SystemExit(0) M, A =7,k

(c) Program M run with arguments .A prints ¢ and ends with termination kind x (eval_program)

Figure 4.5-1: Module and program evaluation

4.6 Type soundness

The termination kinds TypeError, AttributeError, NameError and excluded record operations which the type system
rules out (§B.3).

Theorem 4.1 (Type soundness; type_soundness). Ifi- M and M, A = v, k then k is not TypeError, AttributeError,
NameError or excluded.
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Annex A

Auxiliary functions (normative)

This annex is normative. It defines the auxiliary functions used by the well-formedness rules (Chapter 3) and the
operational semantics (Chapter 4). When more than one case applies, the first defines the value, so a function
with overlapping cases is still determined: two equivalent types join to the second of them, for instance.

A.1 Functions on syntax

The syntactic analyses introduced in Chapter 3 are defined by their principal cases; the remaining cases are
stated with each.

assigns(t) set of variables

Variables declared or assigned anywhere in £, not descending into nested functions, which have their own scope.
It is empty on the statements not shown and is the union over the branches of a conditional, and on a module
body 7 t acts on ¢.

assigns(x: /) = assigns(x = e) = assigns(x: ¥ = e) = {x}
assigns(t ) = assigns(t) U assigns(t”)
assigns(c_i)) = {f} where d; = def fla;](x;: ‘Zz) > Uit s
assigns(match e: case p;: §; ... case Ppi1: Spi1) = U; (binds(p,—) u assigns(si))
assigns(y ... Yn+1) = assigns(y1) U -+ U assigns(yn+1)
assigns(@dataclass class cla] : ¢) ={c}

N

assigns(@dataclass class cla](q[¢]) : @) = {c}
assigns(type x[a] = ¥) = {x}

binds(p), binds(p), binds(s) set of variables

Variables introduced by pattern p, by the patterns of a sequence p, by the generators of qualifiers g, or by
the patterns within statement s, not descending into nested functions. On the cases not shown it recurses
structurally, taking the union over the immediate subpatterns, and on a statement is the union over the branches
of a conditional and empty on the statements not shown.

binds(x) = {x}
binds(p as x) = binds(p) U {x}
binds(¢) = @
binds(if e- g) = binds(g)
binds(for x in e- g) = {x} U binds(g)
binds(match e: case p;: 1 ... case Pui1: Sur1) = U; (binds(p,-) U binds(si))
binds(s s”) = binds(s) U binds(s”)
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declares(t), declares(7), declares(7 t) sequence of variables

Names declared anywhere in statement ¢, imports 7 or module body 7 ¢, in textual order and with duplicates, not
descending into nested functions. Plain imports with the same root, such as a.b and a. c, declare the root once.

It is empty on the statements not shown and on the empty imports, and is the concatenation over the branches
of a conditional and the cases of a match.

declares(x: /) = declares(x: ¢y = e) = x
declares(t t') = declares(t) ++ declares(t’)
declares(g) = f
where d; = def fila;](¥;: 1;,) > Uit s

declares(y; ... yn+1) = declares(y;) ++ -+ ++ declares(yy+1)
declares(@dataclass class c[a] : ¢) =c¢

declares(@dataclass class c[é’c](q[t;]) D P)=c
declares(type x[a] = ¥) = x
declares(import (x - X) - 1) = declares(?)
if import (x - X”) € 7 for some X’
declares(import (x - X) - 1) = x - declares(?) (otherwise)

declares(from q import Xi, ..., Xp41 - L) = X1 -+ * Xpy1 - declares(?)

declares(7 t) = declares(?) ++ declares(t)

type-entry(q, ¥, i), type-entryy(q, ¥) context entry, or sequence of context entries

Context entry associated with the name declared by y;, a definition of mutual type region ¥ of module g under
context I': the class if y; is a class definition, and if ; is a type statement an alias carrying ¥ and I, under which
the body of y; is resolved at each use (ty-alias). For an entire type region y, the sequence of these entries.

type-entry;(q, ¥,i) = Type(q.c) if y; = @dataclass class cla] : ¢
type-entry(q, ¥, i) = Type(q.c) if y; = @dataclass class c[@](¢'[¥]) : ¢
type-entryr(q, ¥, i) = TypeAliasp(q, ¥, 1) if yi = type x[d] = ¢
type-entry;(q, ¥) = type-entry;(q, ¥, 1) - ... - type-entryp(q, ¥, n) where n = [y
type-context.(q, x, i) context

Context under which the type expressions of y;, a definition of mutual type region ¥ of module g, are resolved,
given context I' in which the type region appears: I extended with the bindings of every definition of ¥ if y; is a
type statement, or of the definitions before y; if it is a class definition, and then with the type parameters of y;.

type-contexty(q, ¥,i) = I ® {declares()): type-entry;(gq, ¥)} ® {@: TypeVar}
if i = type x[a] = ¢
type-context;(q, y,i) =T ® A; ® - ® Ai_; ® {a: TypeVar}
if yy = @dataclass class c[a] : ¢
type-contextr(q, ¥,i) =T ® A; ® - ® Ai_; ® {&: TypeVar}
if y; = @dataclass class c[&](q’[x;]) )
where A; = {declares(y;): type-entry(q, ¥, j)} for each j
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class-tabler(gq, ¥, 1), class-tabler(q, ¥) class table

Class table contributed by y;, a definition of mutual type region y of module g under context I', which maps the
defined class to y; under I' if y; is a class definition and is empty if y; is a type statement. For an entire type
region j, the class table defining every class declared in y.

class-tabler(gq, y,i) = {q.c: ClassDefr(q, ¥, i)} if y; = @dataclass class cla] : ¢
class-tabler(gq, ¥,i) = {g.c: ClassDefr(q, ¥, i)} if y; = @dataclass class c[&](q’[l;]) o)
class-tabler(q, y,i) = @ (otherwise)
class-tabler(q, ¥) = class-tabler(q, ¥,1) ® -+ ® class-tabler(q, ¥, n) where n = |¥|
scope(¥, ) context

Context for the body s of a function with parameters y, or of a module with imported names ¥, in which each
variable declared or assigned in s is unbound and the names in y keep their bindings. Undefined if the names y
are not distinct, if s declares a name twice or declares a name in y, or if a pattern in s binds a name declared in s
or in y. The context serves as an environment as well, since Unbound is a value as well as a context entry.

scope(¥, s) = {x: Unbound | x € assigns(s) \ {y}}
if y distinct, declares(s) distinct,
and {y}, {declares(s)}, binds(s) pairwise disjoint

captures(e) set of variables

Variables of the enclosing scope captured by lambdas within expression e; the generator variables of a compre-
hension are local to it. On the cases not shown it recurses structurally, taking the union over the immediate
subexpressions.

captures(lambda x: e) = fv(e) \ {¥}
captures(| e g]) = captures(g) U (captures(e) \ binds(g))
captures({e: ¢’ g}) = captures(g) U (captures((e, €’)) \ binds(g))

captures(g) set of variables

Variables of the enclosing scope captured by lambdas within the qualifiers g of a comprehension.

captures(e) = @
captures(if e- g) = captures(e) U captures(g)
captures(for x in e- g) = captures(e) U (captures(g) \ {x})

fv(e), fv(e), fv(r) set of variables

Free variables of expression e, defined in the usual way, and of a sequence of expressions €, as the union over
the expressions; type variables of type 7.
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tyvars(T) set of variables
Type variables in scope in context I': the type parameters bound by I', and the free type variables of the other
entries.
tyvars(T') = {tyvars(x: 0) | x: 0 € T}
tyvars(x : TypeVar) = {x}
tyvars(x: 7) = tyvars(x: DU(r)) = tyvars(x: PU(7)) = fv(7)
tyvars(x: Va. r) = tyvars(x: PU(Va. 7)) = fv(r) \ {a}
tyvars(x: 0) = @ (otherwise)

A.2 Functions on types and shapes

The functions on types and shapes introduced in §3.1, each defined by its cases.

base-type(¢), base-type(r) type
Base type of literal #, and of type 7 that type with a literal type replaced by the base type of its literal.

base-type(n) = int if n an integer literal
base-type(n) = float if n a float literal
base-type(w) = str
base-type(True) = base-type(False) = bool
base-type(None) = None

base-type(Literal[f]) = base-type(£)
base-type(r) = 7 (otherwise)

o vs 1, \/5(7) type

Larger of two comparable types, and their union otherwise. A sequence joins its first type with the join of the
rest, with Never as the unit.

oV T=T fX-o<:1
oVsT=0 fX+Fr<:candXWFo=r1
ocvst=o0|T1 otherwise

V() = Never

Vs(o %) =0 vs \/x(7)
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ONs T type

Cases after the first two apply only when ¢ and z are incomparable.

ONsT=0 fYXFo<:1
ONsT=T f>XFr<:candXWFo=r1
ol AsT=0NAs TV 0 As T
oA T|T =0AsTVs oA T if o not union
Callable[[d], o] As Callable[[7], 7] = Callable[[oy Vs T1,..., 00 Vs Tul, 0 As 7]
tuple[d] As tuple[7] = tuple[oy As T1,..., On As Tl

o As T = Never otherwise

match-args(z, o), match-args(7, o) context binding type variables at types

Type arguments for the type variables of 7, found by one-way matching of 7 against o, or of 7 against 6. A
union in 7 does not bind any type variable, since the disjunct matched by the type at the same position in o is
not determined. The matching is undefined for a type variable or union in ¢ at the position of a type in 7 other

than a type variable or union, since the two types may or may not be equivalent at some instantiation of the
type variables of 7.

match-args(a, o) = {a: o}

match-args(r | 7/,0) = @
match-args(list[r],list[o]) = match-args(z, o)
match-args(dict[str, 7], dict[str, o]) = match-args(z, o)
match-args(tuple[7], tuple[c]) = match-args(7, &)

match-args(Callable[[7], r],Callable[[d], o]) = match-args(r - 7,0 - )

match-args(C[7], C[5]) = match-args(7, 5)

match-args(z, 7) = @

match-args(e, ) = @

match-args(t - 7, 0 - ¢) = match-args(r, o) ® match-args(7, )

type-argsy(a, o, 7), type-argsy (@, 7, 7) context binding type variables at types

Arguments for the type variables  of ¢, found by one-way unification of o with 7 in which & are the unknowns,
given as a context binding type variables at types. A variable of & takes the base type of 7; a union 7 contributes
by each disjunct; lists, dictionaries, tuples and callables are taken componentwise; an instantiated class is taken
through the instance of the class at 7 (Figure 3.4-1); and a union o contributes nothing when 7 is below one of
its disjuncts without a variable of @, as None is below T | None, and otherwise contributes by each disjunct. In
every other case, in particular for a type without type variables, the context is empty. Positions are covariant
(tuple components and Callable results), contravariant (Callable parameters) or invariant (list, dictionary
and class arguments), following the subtyping rules (Figure 3.1-5). The type argument for a type variable must
accordingly be a supertype, a subtype or an equivalent of the type found, which the argument check of the call
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rule enforces once the type arguments are chosen. Contexts combine by pointwise join, written Vy as for types.

type-argsy (@, a;, T) = {a; : base-type(r)}
type-argsy (@, o, 7 | 7’) = type-argsy (&, 0, 7) Vy type-argsy(a, o, 7°)
type-argsy(a, list[co], 1ist[r]) = type-argsy(a, o, 7)
type-argsy(a, dict[str, o], dict[str, 7]) = type-argsy(a, 7, 7)
type-argsy(a, tuple[d], tuple[7]) = type-argsy(a, 7, 7)
type-argsy(a, Callable[[c], o], Callable[[7], 7]) = type-argsy(a, 0 - 7,7 - 7)
type-argsy(a, C[d], 7) = type-argsy(a, 7, 7")
ifX+C[7] =1
type-argsy(a, 0 | o', 7) =@
if>+r<:candfv(o)n{a}=9
type-argsy(a, 0 |0/, 1) = @
ifX+1<: o and fv(c’) n{a} =
type-argsy (@, o | 0, ) = type-argsy (&, 0, 7) Vy type-argsy (@, 0’, ) (otherwise)

type-argsy (&, 0,7) =@ (otherwise)

type-argsy(a, e,¢) = @

type-argsy (&, o - 0,7 - T) = type-argss(a, o, 7) Vs type-argsy (&, 7, T)

Tvs I (@) =T(a) vs T/(a) if @ € dom(T) N dom(T")
TvsI)(a) =T(a) if @ € dom(T) \ dom(I")
TvsI)a) =T (a) if & € dom(I”) \ dom(T")
elem-types(7) type

Type of the elements drawn by a generator from a list, string, dictionary, tuple or range type or a union of these,
mirroring iter (§A.4). The element type of a tuple is the join of the base types of its components. Undefined at
any other type.

elem-types(list[z]) =7
elem-typey(str) = str
elem-types(Literal[w]) = str
elem-typey(dict[str, 7]) = str
elem-typey(builtins.range[]) = int
elem-typey(tuple[7]) = \/5(base-type(z,), ..., base-type(z,))
elem-types (o | ) = elem-types (o) Vs elem-types(7)

shapess (7, H), shapesy(7) ordered set of shapes or of shape sequences

Shapes of type 7 that remain once the heads in H are excluded. A union has no head to exclude, so the disjuncts
of the union are taken separately, each with the heads of H typed at that disjunct. A dictionary is refined by its
keys rather than by a head, so a dictionary type gives the dictionary form with no key bound. Every other type
gives the rest form 7 \ H, except that no shape remains when H exhausts 7: a literal type whose literal is in H,
bool when both True and False are in H, None when None is in H, an instantiated class with an ancestor in H,
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and Never. A sequence of types yields the sequences of shapes of its components.

shapess (o | 7, H) = shapesy (o, H,) U shapesy (7, H;)

where H, ={h€ H|X+h : oc}andH, ={he H|X+h : 1}
shapesg(Literal[f], H) = @

ifte H
shapesy(bool, H) = @ if {True,False} C H
shapesy(None, H) = @ if None € H

shapes;(C[7],H) = @
shapess(Never, H) = @
shapesy(dict[str, 7], H) = {0 \; @}
shapesy (7, H) = {r \ H}

if H n ancestorsy(C) = @

otherwise

shapesy(7) = shapesy(7;, @) x - x shapesy (75, @)

shape-type(k) type
Least type of shape k, with & — k : shape-type(k) (Figure 3.4-3c): the instantiated class of a constructor,
componentwise for a tuple, and the type recorded by the form otherwise.

shape-type(t \H) = 1
shape-type(C[?](l;) \ H) = C[7]
shape-type((E)) = tuple[shape-type(k,), ..., shape-type(k,)]
shape-type([z],) = list[r]
shape-type(f \; H) = dict[str, 7]

matched-ass (T, 7, p) type
Type to which 7 is narrowed if pattern p matches: an over-approximation of the matched values, as a type.
Variable and wildcard patterns leave 7 unchanged; literal patterns leave a type variable unchanged, since a value
of the type variable may equal the literal even though the meet of a literal type with a type variable is Never;
float literal patterns narrow to float, and other literal patterns to their literal types; tuple patterns narrow each
component; list and dictionary patterns narrow to the list or dictionary type; constructor patterns narrow to the
instance of their class at 7, or to 7 itself when 7 is below the instance; unions are narrowed disjunct by disjunct.
Any other pattern does not match any value of 7, and narrows to Never. The function emulates the narrowing
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of a match scrutinee observed in mypy within a case, and gives the types of patterns named by as (check-as).

matched-asy (T, o | 7, p) = matched-asy(T, o, p) Vs matched-asy (T, 7, p)
matched-ass (T, 7,x) = 7
matched-ass(I', 7, ) =71
matched-asy (T, 7, p as x) = matched-asx (T, 7, p)
matched-ass (T, «, f) = a
matched-ass(T, 7,n) = float As
if n a float literal
matched-asy(T, 7, ) = Literal[f] As T
matched-asy (T, tuple[ty, ..., 7,], (P1, ..., Pn)) = tupleloy,..., op)
where o; = matched-ass(T, 7;, p;) (Vi)
matched-asy (T, 1ist[7],[p]) = list[z]
matched-ass (T, dict[str, 7], {w: p}) = dict[str, 7]
matched-ass (T, 7, g(a)) = 7 Ay C[d]
ifT+gq: Type(C)and X + Clc] = 7

matched-asy (T, 7, p) = Never (otherwise)

remaining (T, 7, p) type

Type remaining from 7 if pattern p fails to match: an over-approximation of the unmatched values, as a type
rather than a set of shapes. Nothing remains after a variable or wildcard pattern, after a literal pattern at its
own literal type or at None, after the empty dictionary pattern at a dictionary type, after a tuple pattern each
of whose sub-patterns leaves nothing, or after a constructor pattern at a type below the instance of its class
each of whose sub-patterns leaves nothing at the field types. The other Boolean literal remains after a literal
pattern at bool; tuple patterns with exactly one sub-pattern that leaves something narrow that component;
unions are narrowed disjunct by disjunct; and any other pattern leaves 7 unchanged. The function emulates the
narrowing of a match scrutinee observed in mypy, so that a match which is exhaustive by the remaining type is
also exhaustive under mypy. The remaining type is coarser than the residual (§3.4), since constructor patterns
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with a refutable sub-pattern, and tuple patterns with two refutable components, leave the type untouched.

remainings (T, o | 7, p) = remainings (T, o, p) Vs remainings (T, 7, p)
remainingg (T, 7, x) = Never
remainingy (T, 7, _) = Never
remainings (T, 7, p as x) = remaining; (T, 7, p)
remainingy (T, Literal[f], £) = Never
remainingy (', bool, True) = Literal[False]
remainingy (', bool,False) = Literal[True]
remainingy (T, None, None) = Never
remainingy (T, tuple[7], (p)) = Never
if remainingg (T, 7;, p;) = Never (Vi)
remainingy (T, tuple[7], (ﬁ)) = tuple[ry, ..., 7i_1, remainings (T, 7, py), Tit1, - Tnl
if remainingy (T, 7, p;) = Never (V) # i)
remainingy (T, dict[str, 7],{}) = Never
remainingy (T, 7, g(a)) = Never
ifT+q : Type(C), 2+ Clo] < 7,3 + 7 <: Cla],
fieldss(C)[c] = X: &, field-mapy(C, a) = {x: p}
and remaining (T, o7, p;) = Never (Vi)

remainings (T, 7, p) = 7

resolve-ops (O, 01, 03), resolve-opy (8, o) type

Return type of the most specific overload of an operator at the operand types. The overloads of © at (01, 0,) are
the resolved overloads ((71, 72), 7) with 3 -+ ©(0y, 02) : ((z1, 72), T) (Figure 3.2-6), ordered by componentwise
subtyping in ¥ on their bounds (7, 75); the overloads of © at ¢ are defined in the same way from conclusions
>+ 6(o) : (z,7’). The most specific overload is the least element under this order, which exists as long as
some overload applies and neither operand type is a subtype of Never (Lemma 3.3); the function is undefined
when no least element exists.

resolve-ops (0, 01,02) = T if ((z1, 72), T) most specific overload of © at (o4, 03)

resolve-opy(8,0) = 7’ if (7, 7’) most specific overload of © at ¢
A.3 Functions on classes and modules
The functions on module names, field lists and classes introduced in §2.4, and the resolution of names in an

environment.

submods(q) context

Context that binds each submodule of g to a stub: a context entry x: Mod(q.x) for each module g.x of the
program or of the predefined modules.

submods(g) = {x: Mod(q.x) | ¢.x € dom(M) U dom(P)}
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unique-to(q’, q) sequence of module names

Modules which strictly contain ¢’ but do not contain g, shortest first. A from-import of ¢’ in module g checks
these as well as ¢’ itself.

unique-to(g’, @) = qf -~ qp, where {q],....q;}={q" < ¢'| ¢ € g}, ¢/ <~ < g}
loads(q, ), submod-loads(q, g, X), import-loads(q, g, 1), import-loads(q, g, t) sequence of module names

Modules q loaded so far, extended in load order by the modules loaded by ¢’, by importing names X from g, or
by imports 7 or import ¢ of g, excluding predefined modules. Defined for well-formed programs, which do not
have import cycles.

loads(q, £) = ¢
loads(q, q - ¢’) = loads(q, ') if g € {g} U dom(P)
loads(q, q - ¢’) = loads(import-loads(q, ¢,7) - q.q') if g ¢ {g} and M(q) =7t
submod-loads(q, ¢, ¢) = q
submod-loads(q, g, x - ¥) = submod-loads(loads(q, q.x), ¢, X) if q, g.x € dom(M) and x ¢ declares(M(q))
submod-loads(q, g, x - ¥) = submod-loads(q, g, X) (otherwise)

import-loads(q, g, ¢) = q
import-loads(gq, g, ¢ - 7) = import-loads(import-loads(q, g, t), g, 7)

import-loads(g, g, import x;..x,) = loads(q, x; - x1.%3 =+ * X1. -+ .X,)

import-loads(q, g, from ¢’ import ¥) = submod-loads(loads(g, unique-to(q’, q) - ¢'), ¢’, X)

import-env (1), import-env (1), submodules-env, (g, X) environment

Environment bound by imports 7 or import ¢, and environment of module g extended along submodule chain ¥,
given loaded module environments L.

import-env,(¢e) = @

import-env, (1 - 1) = import-env (1) B import-env (1)

import-env, (import (x - X)) = {x: Mod(x, submodules-env(x, X))}

import-env,(from q import X, ..., Xn11) = {x1 : member,(L(q), x1), ..., Xp+1 : member(L(q), Xn41)}

submodules-env,(q, €) = £L(q)
submodules-env,(q, x - X) = £(q) H {x: Mod(g.x, submodules-env,(q.x, X))}

member,(p, x) value

Value of x in module environment p, as a loaded module value if a stub, given loaded module environments L.

member,(p, x) = Mod(q, £(q)) if p(x) = Mod(q)

member,(p, x) = p(x) (otherwise)
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own-fields(¢), own-fields(y) sequence of bindings
Fields declared by a field list, or by a class definition, with their types, in order.
own-fields(x;: ¥y ... Xni1: Ynr) = X1t Yyy e, X 2 Ynn
own-fields(pass) = ¢
own-fields(@dataclass class c[a] : @) = own-fields(¢)
own-fields(@dataclass class c[z_)?](q[t;]) : ¢) = own-fields(¢)

type-paramsz(C) sequence of type parameters

Type parameters of class C, as declared.

type-paramsy(C) = @ if 3(C) = ClassDefr(q, y,i) and y; = @dataclass class c[a] : ¢
type-paramsy(C) = @ if 3(C) = ClassDefr(q, y,i) and y; = @dataclass class c[&](q’[x}]) )
bases(C) instantiated class or L

Base class of C at the type arguments given in its definition, resolved under the context of the definition, and L
otherwise.

bases(C) = L if y; = @dataclass class c[a] : ¢
bases(C) = D[] if y; = @dataclass class c[&](q’[t/_/)]) )

and 3; type-context (g, ¥,i) - ¢'[¢] > D[5]
where ¥(C) = ClassDefr(q, ¥, i)

fieldsz(C) field scheme

Fields of class C with their declared types, as a field scheme over the type parameters of C: the fields of its base
class, if any, instantiated at the type arguments of the base, followed by the fields declared by C, distinct from
the inherited fields by class-extend (Figure 3.3-5). The fields of an instantiated class C[7] are the instantiation
fieldss(O)[7].

fieldsy(C) =va.X: 7 if bases(C) = L

fieldss(C) = va. (fieldss(D)[d] ++ ¥: T) if bases(C) = D[]

where 2(C) = ClassDefr(q, ¥, i), @ = type-params(C),
own-fields(y;) = x: (Z

-

and 3; type-contexty(q, ¥, i) + (; > 7

ancestorsy(C) set of classes

Class C together with all its base classes.

ancestorss(C) = {C} if bases(C) = L
ancestorsy(C) = {C} U ancestorsy(D) if bases(C) = D[]
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ancestor-argsy (C[7], D) sequence of types

Type arguments of the instantiation of D above C[7], which is unique because type arguments are invariant;
defined only when D € ancestorsz(C).

ancestor-argss(C[7],C) = 7
ancestor-argsy(C[7], D) = ancestor-argsy(E[[7/a]c], D)
if D # C, bases(C) = E[c] and type-params;(C) = a

field-mapy(C, ) map from variables

Argument supplied for each field of C: positional arguments fill the fields in order and keyword arguments
match by name. Defined if and only if the arguments cover the fields exactly, so constructor patterns and
expressions check and evaluate field by field without regard to the split of the arguments between positional
and keyword.

field-mapy (C, (U1, ..., tn, Y1=Uni1s s Ym=Unim)) = {205 Uty oo, Xnt Un, Y15 Unitsos Y * Unam)
if fieldsy(C) =Va&.x1: 01 . Xp: 0y 1 57

and {3} = {5’}

resolve(p, q) value

Value denoted by name q in p, mirroring static judgement I' - q : 6 (Figure 3.1-1): a simple name is looked up
in p directly, and a qualified name in the environment of the loaded module denoted by its prefix. Undefined if
the prefix denotes a module stub or a value other than a module.

resolve(p, x) = p(x)
resolve(p, g.x) = p’(x) where resolve(p, g¢) = Mod(q’, p’)

name(q) string

String literal naming module g, so that name(__main__) = "__main__".

A.4 Functions on values

The functions on values used by the evaluation rules. The comparisons ==, !=, in and not in compare values
structurally, by structural equality eqs, and membership ins, and agree with Python except at the comparisons
left undefined by PurePy (§B.1.3): between a Boolean and a number, between two functions, and between
nan and nan inside a container. A run that reaches one of these comparisons has undefined behaviour, so
an implementation may abort or produce the result given by Python (Chapter 1). Equality and membership
compare the elements of a sequence in order and stop at the first element that decides the result, so an undefined
comparison later in the sequence does not make the whole comparison undefined. Membership in a range, or of
a key other than a string in a dictionary, is ruled out by typing and aborts with excluded (§A.4).

type-of(v) type
Run-time type of v: float for a float literal, the literal type of any other literal, the type of a list, tuple or
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dictionary with every element type object, and object for any other value.

type-of(n) = float if n a float literal
type-of (£) = Literal[{] (otherwise)
type-of ([#]) = list[object]
type-of ((vy, ..., v,)) = tuple[object”]
type-of({8}) = dict[str, object]
type-of (v) = object (otherwise)

real(n) extended real number

Extended real number denoted by number n other than nan. A condition which applies real to nan does not
hold.

real(n) = n if n an integer
real(inf) = +o0
real(—inf) = —o0
real(n) = real number represented by n in IEEE 754 otherwise
fl(x) float

Real number x rounded to float, provided as shorthand for rounding attribute roundTiesToEven of IEEE 754.

fl(x) = roundTiesToEven(x)

float(x) result

Real number x rounded to float by fl, with aborts(OverflowError) in place of infinity, following conversion of
integer to float in Python.

float(x) = aborts(OverflowError) if fI(x) € {inf, —inf}
float(x) = val(fl(x)) otherwise

trunc(x) integer
Integer part of real number x, rounding toward zero.

trunc(x) = |x] ifx>0

trunc(x) = [x] otherwise

floordiv(n, n) float

Floor division of float n by nonzero float n’, with the algorithm of the Python Language Reference, §6.7, note 2.
For n and n’ other than nan, let x = real(n) and x” = real(n’). For finite n and n’, let x; = x — (x” x trunc(x/x")),
the remainder of truncated division computed exactly, n, = fl(real(fl(x — x;))/x”), and n; = fl(real(n,) — 1) if
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x; # 0 has the opposite sign to x’, and n, otherwise.

floordiv(n, n’) = nan if n € {nan, inf, —inf} or n’ = nan
floordiv(n, n’) = —1.0 ifn’ =infand x < 0
floordiv(n,n’) = —1.0 if n’ = —infand x > 0
floordiv(n, n’) = —0.0 ifn’ =infand n = —0.0
floordiv(n, n’) = —0.0 ifn” = —infand n = 0.0
floordiv(n, n’) = 0.0 if n’ = inf and (x > 0 or n = 0.0)
floordiv(n, n’) = 0.0 if n’ = —inf and (x < 0 or n = —0.0)
floordiv(n, n’) = ns if n3 € {inf, —inf}
floordiv(n, n’) = —0.0 if [real(ns) — 1] = 0 and n, n’ of opposite signs
floordiv(n, n’) = fl([real(ns) — %]) otherwise
mod(n, n) float

Remainder of division of float n by nonzero float n’, computed exactly and rounded to nearest float. For n and
n’ other than nan, let x = real(n) and x” = real(n’). For finite n and n’, let n; = fl(x — (x” x |x/x’])).

mod(n, n’) = nan if n € {nan, inf, —inf} or n” = nan
mod(n,n’) =n ifn” =infand x > 0
mod(n,n’)=n if n’ = —inf and x < 0
mod(n,n’) =n’ ifn’ =infand x < 0
mod(n, n’) = n’ ifn” = —infand x > 0
mod(n, n’) = 0.0 if n’ = inf and n zero
mod(n, n’) = —0.0 if n’ = —inf and n zero
mod(n, n’) = —0.0 ifn; =0.0and x’ <0
mod(n, n’) = n, otherwise
eqz(v,0") result

Structural equality: literals by value, numbers by converting to extended reals, lists and tuples by their elements,
dictionaries with the same keys by their values, and objects of the same class by their field values, each through
eq-elemsy, except ranges, which are compared by their sequences, so that range (0, -1) == range(0, -2).
Any other pair of values is unequal, except that equality is undefined between two functions and between nan
and nan in a container, which Python compares by identity, and between a Boolean and a number, which Python
compares numerically. Compared directly, nan is unequal to itself in both languages (Figure 4.2-1). Dictionaries
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are compared in the entry order of the left operand.

eqy(n, n") = val(True) if real(n) = real(n’)
eqy(n, n") = aborts(undef) ifn=n"=nan
eqy(w, w') = val(True) ifw=w
eqs(w, w') = val(False) ifw=w

eqy(True, True) = eqy(False,False) = val(True)
eqy(True,False) = eqs(False, True) = val(False)
eqs(None, None) = val(True)
eqy(True, n) = eqs(False, n) = aborts(undef)
eqy(n, True) = eqy(n,False) = aborts(undef)

eqs([0], [07]) = eq-elemsy(#,0”)
eq5((V), (")) = eq-elemsy(v,0")
eqs(w: U,8") = eq-elemsy (v, §'(w)) if {w} = dom(5")
eqy(8,8”) = val(False) if dom(8) # dom(8”)
eq5(Obj(C, x: 1),0bj(C, X : v")) = eq-elemsy (iter(Obj(C, X : v)), iter(Obj(C, x: v)))
if C = builtins.range
eqs(Obj(C, x: 1),0bj(C, X: 1)) = eq-elems;(v,0")
if C # builtins.range
eqy(v,v") = aborts(undef)
if v and v’ closures or primitives

eqy(v,v’) = val(False) (otherwise)

eq-elemsy(v,07) result
Equality of two sequences of values: False if the lengths differ, and otherwise compared from the first element,
stopping at the first pair that is not equal, with that pair’s result.
eq-elems,(v,0”) = val(False) if [v] = 0]
eq-elemss (¢, €) = val(True)
eq-elemsy(v - U,v" - V") = eq-elemsy(v,0”) if eqy(v,v”) = val(True)

eq-elemsy(v-v,0" - v’) = eqy(v,0")  (otherwise)

iny (v, v") result

Whether v is an element of v of a list or tuple by structural equality, of a dictionary as a key, and of a string as
a substring. Aborts with excluded when v’ is a range, since no overload of in accepts a range, although Python
allows it; and for a dictionary and a key other than a string (Chapter 4). Aborts with TypeError for any other
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pair of values.

ins (v, [v]) = in-elemss (v, V)

ins (v, (¥)) = in-elemss (v, v)

ing(w, §) = val(True) if w € dom(6)
inx(w, §) = val(False) if w ¢ dom(5)
iny (v, §) = aborts(excluded) if v not a string

ins(w, w') = val(True) if W = w; ++ w + w, for some wy, w,

ing(w, W) = val(False) if there are no such w;, w,
iny(v,v”) = aborts(excluded) if v’ a range
ins(v,v”) = aborts(TypeError) otherwise

in-elemss (v, v) result

Whether a sequence of values has an element structurally equal to v, taking the elements in order and stopping
at the first element that is not unequal to v, with that element’s result.

in-elemssy(v, ¢) = val(False)
in-elemss (v, v’ - ¥) = in-elemss (v, v) if eqy(v,0") = val(False)

in-elemss(v,v” - ¥) = eqy(v,0") (otherwise)

elems(v) sequence of values

Elements of a list or tuple, or the characters of a string, in order.

elems([v]) = v
elems((v)) = v
elems(w) = wy - ...- wp, where w = w; ++ ... ++ wy,, each w; one character
iter(v) sequence of values

Sequence drawn from v by a generator: the keys when v is a dictionary, the numbers m,...,n — 1 when v is a
range with start m and stop n, and otherwise the elements of v.

iter(w: 0) = w
iter(Obj(builtins.range,start: m-stop: n))=m-...-n—1 empty if n <m

iter(v) = elems(v) (otherwise)

getitem(v, v") result

Subscripting: the value under key v’ of a dictionary, or the element at index v” of a sequence, counting from
the end when the index is negative. Aborts with KeyError or IndexError when Python raises the exception of
that name. Aborts with excluded in three cases which Python allows but no typing rule for subscripts accepts:
a range subscripted at all, a sequence indexed by a Boolean, which Python treats as the integer 0 or 1, and a
dictionary subscripted by a key other than a string (Chapter 4). Aborts with TypeError for any other pair of
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values.

getitem(J, w) = val(6(w)) if w € dom(6)
getitem(J, w) = aborts(KeyError) if w ¢ dom(6)
getitem(J, v) = aborts(excluded) if v not a string
getitem(v, n) = val(v,+1) if elems(v) = vy ... - vy, nintegerand 0 < n < m
getitem(v, n) = val(Upmin+1) if elems(v) = vy - ... - vy, n integer and -m < n <0
getitem(v, n) = aborts(IndexError) if elems(v) = vy - ... - v, 0 integer and (n < —m or n > m)
getitem(v,v") = aborts(excluded) if v a list, tuple or string and v” a Boolean
getitem(v, v”") = aborts(excluded) if v a range
getitem(v,v”) = aborts(TypeError) otherwise
result(o) result

Result of a call from the outcome of its body: the value returned, or None if the body completes without returning,
or the abort if the body aborts. The body prints nothing, since print statements are typed only outside function
bodies (print).

result((e, returns(v))) = val(v)
result((e, assigns(p))) = val(None)
result((¢, aborts(x))) = aborts(k)

matchs(p, p,v) match result

Result of matching pattern p against value v under environment p: the bindings of the pattern variables if p
matches v, and no-match if it does not. The result is undef for a numeric literal pattern if the equality of the literal
and the value is undefined. The result is excluded for an int literal pattern against a float, a list pattern against
a tuple, a tuple pattern against a list, or either against a range, which Python matches. A constructor pattern
against an object is matched by match-fieldss (§A.4). Before the value is examined, the head of a constructor
pattern is resolved as Python resolves it: NameError if its first name is unbound, AttributeError if a later name is
not found, excluded if it denotes a predefined class of builtins, which Python matches by an instance test, and
TypeError if it denotes any other value which is not a class. A Boolean literal pattern does not match a number,
since Python compares the value with the literal by identity. Sub-patterns are matched left to right, their results
composing with ® (§4.4).

matchg(p, n,v) = excluded  if n an int literal and v a float
matchy(p, £,v) = match(®) if eqs(4,v) = val(True)
matchy(p, £,v) = no-match  if eqs(¢,v) = val(False)
matchs(p, True, n) = no-match
matchy(p, False, n) = no-match
matchy(p, £,v) = undef if eqs(¢,v) = aborts(undef) and £ a number
matchs(p, x,v) = match({x: v})
matchs(p, _, v) = match(®)
matchs(p, p as x,v) = matchs(p, p,v) ® match({x : v})
matchs(p, [p1, ... Pnls [V15 ..., n]) = matchs(p, p1,v1) ® ... ® matchs(p, py, vn)
matchs(p, [p], (V) = excluded
matchs(p, (p1, ... Pn)s (U1, ..., vy)) = matchs(p, p1,v1) ® ... ® matchs(p, pn,vy)
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matchs(p, (p), [1]) = excluded
matchs(p, [p], Obj(builtins.range, ¥: 0)) = excluded
matchs(p, (p), Obj(builtins.range, X: ¥)) = excluded
matchs(p, {w; : p1,..., Wp: pn}, ) = matchs(p, p1, 6(wy)) ® ... ® matchs(p, p,, 5(wy,))
if w; € dom(d) for each i
matchs(p, (x - ¥)(a),v) = NameError if p(x) € {1, Unbound}
matchs(p, (x - ¥)(a),v) = AttributeError
if resolve(p, x - X¥) undefined and p(x) ¢ {1, Unbound}
matchy(p, g(a),v) = excluded
if resolve(p, q) of the form Predef(builtins.y)
matchy(p, g(a),v) = TypeError
if resolve(p, q) defined and not of the form
Type(C) or Predef(builtins.y)
matchsz(p, g(a), Obj(D, Z: v)) = match-fieldss(p, C, a,Z: V)
if resolve(p, q) = Type(C) and C € ancestorss(D)

matchy(p, p,v) = no-match  (otherwise)

match-fieldss(p, C, a, Z: ) match result

Result of matching the sub-patterns of a against the fields z : v of an object whose class has C among its ancestors:
the sub-patterns match the fields of C named by field-mapy(C, a), composing with ®; TypeError if a has more
positional sub-patterns than C has fields, or two sub-patterns for one field, as in Python; and excluded if a
otherwise does not cover the fields of C exactly, which Python allows. For the class builtins.range, for which
Python does not support positional sub-patterns, a positional sub-pattern gives TypeError, and the keyword
form, which Python matches, gives excluded.

match-fieldss(p, C, a,Z: v) = matchx(p, p1,v;,) ® ... ® matchz(p, pp,v;,)
if field-mapy(C, a) = {x1: p1,.... Xn: Pu}
and x; = z;, for each i, and C # builtins.range
match-fieldss(p, C, (p, y=p '), Z: v) = TypeError
if C = builtins.range and |p| > 1
match-fieldss(p, C, (p, y=p’), Z: 1) = TypeError
if fieldss(C) = Va. X: &, and either |p| > ||
or y; = x; for some i and some j < |p|
match-fieldss(p, C, a,Z: 0) = excluded (otherwise)

dispatch(p, v, ﬁ, s) bindings and statement, or termination kind

Case taken by a match statement for value v: the bindings and statement of the first pattern that matches, or
no bindings and pass if no pattern matches, and the termination kind k if matching aborts with k before any
pattern matches.

dispatch(p, v, ¢, €) = (@, pass)

dispatch(p,v, p- p,s-35) = (p’, s) if matchy(p, p,v) = match(p”)
dispatch(p,v, p - p, s - 5) = dispatch(p, v, p, 5) if matchy(p, p,v) = no-match
dispatch(p,v,p- p,s-5) = k if matchs(p, p,v) = k
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update(d, ") dictionary entries
Dictionary entries § updated by the bindings of §” in order, each replacing any earlier entry under the same key.

update(§,¢) = 6
update(5, w: v - §”) = update(setitem(5, w,v), §")

setitem(8, w, v) dictionary entries

Dictionary entries § with w bound to v, replacing any earlier binding of w.

setitem(e, w,v) = w: v
setitem(w: v" - §, w,v) = w:v- 8

setitem(w’: v" - 8, w,v) = w': v/ - setitem(5, w,v) ifw=w
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Annex B

Excluded Python behaviours (informative)

This annex is informative and imposes no requirements; the exclusions which it describes follow from the
syntax, well-formedness rules or semantics of PurePy, and their classification follows from §1.1. It summarises
the Python behaviours excluded by PurePy by design (§B.1) with the stage at which each exclusion takes effect,
lists the common Python features excluded from this version (§B.2), and lists the Python runtime errors which
well-formedness prevents (§B.3).

B.1 Behaviours excluded by design

B.1.1 Soft keywords as identifiers

Python’s soft keywords match, case, type and _ are keywords only in match, case and type statements and
wildcard patterns, and identifiers elsewhere. In PurePy they are not identifiers at all (§2.1), so that whether a
word is a keyword does not depend on where it occurs.

B.1.2 Mutable state

The excluded Python features associated with mutation and shared state are listed in Figure 1.1-1. Figure B.1-1
lists the other Python behaviours associated with mutation, and says how and when PurePy excludes each.

Construct Python Exclusion Mechanism

Reassignment Changes value of variable Static Variable declared once and assigned at
most once on any path

Lambdas capturing Variable mutated on each iteration; Static Lambda may not capture generator

comprehension variable lambda sees final value variable

Figure B.1-1: Python mutation of state excluded by PurePy

B.1.3 Implicit coercions

Python accepts several implicit coercions and lax matches. Figure B.1-2 lists those excluded by PurePy and
records at which stage each exclusion takes effect. The figure also lists operations with an outcome which is
not specified by the Python language reference and which differs between implementations. A program which
reaches a dynamically excluded operation runs under Python but has undefined behaviour under PurePy. A run
which reaches a statically excluded operation aborts with excluded (Chapter 4); such runs are ruled out by type
soundness (§4.6).

B.1.4 Load-dependent meaning

A name’s meaning in PurePy must not depend on the order in which modules load or on runtime state. The
Python features excluded for this reason are listed in Figure 1.1-1. Figure B.1-3 lists the other import and
module behaviours of Python excluded for this reason, and says how and when PurePy excludes each.

The last three exclusions rule out programs whose meaning under Python changes when a module elsewhere
in the program is loaded. A submodule is not an attribute of its parent until it is loaded, so after import pkg
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Construct

Non-Boolean test of if or
assert, conditional
expression, comprehension
guard, first operand of and
or or, or operand of not
Boolean operand of
arithmetic or ordering,
index of a sequence, or
argument of round
Argument of sys.exit
other than an integer

List pattern at tuple, or
tuple pattern at list

List or tuple pattern at
range

Int literal pattern at £1loat

Positional constructor
pattern with fewer
sub-patterns than fields

Non-string dictionary key

Non-string assert
message

== or != between operands
of unrelated types

Boolean against number
under == or !=

Function under == or !=

nan under container
equality or membership

Overflow of ** on floats

Python
Coerced to bool

Treated as the integer 0 or 1

Exits with status 0 for None; otherwise
prints the argument and exits with
status 1

Matches, since list and tuple patterns
both match lists and tuples
Matches, since range is a sequence

Matches an equal float, so 1 matches 1.0

Matches, ignoring remaining fields

Any hashable value accepted, with 1,
1.0 and True equivalent as keys

Any object accepted, shown in traceback
Defined, giving False
Compared as numbers, so True equals 1

Compared by identity, so two textually
identical lambdas are unequal
Elements compared by identity before
equality, so identical NaNs match but
distinct ones do not

OverflowError in CPython, an infinity
in GraalPy

Exclusion
Static

Static

Static

Static

Static

Static

Static
Syntactic in
patterns, static
in expressions
Static

Static

Static; dynamic
at object
Static; dynamic

at object

Dynamic

Dynamic

Mechanism
Test checked against bool (if, assert,
cond, qual-guard, and, or, unop)

bool not a subtype of int (binop, unop,
subscript-list, subscript-tuple-int,
subscript-str, call)

Argument checked against int (call)

Pattern fails at a type with tuple or list
values (check-list-none,
check-tuple-none)

Pattern fails at a type with range values
(check-list-none, check-tuple-none)
Pattern fails at a type with float values
(check-literal)

Arguments cover fields exactly
(field-mapy)

Keys are string literals in patterns, of type
str in expressions (dict, dict-comp,
subscript-dict and the in overload at
dict)

Message checked against str
(assert-msg)

Operand types must be comparable
(binop)

bool and int incomparable (binop); at
object, equality undefined

Callable types not equality types (binop);
at object, undefined between functions

Undefined when both elements are nan

Undefined when result rounds to infinity

Figure B.1-2: Python coercions, lax matches and non-portable operations excluded by PurePy

Construct

Submodule importing itself from
parent, from a import bin

module a.b

Import of contained module,

import x.y in module x

Reference pkg.sub.y after
import pkg alone

Reference to module member
assigned on some paths only

Module binding name of one of

its submodules

Python
Parent may still be loading

Binding for head denotes still-loading

module

Resolves if any module has loaded
pkg.sub; AttributeError
otherwise

AttributeError if path not taken

Attribute set by assignment and by
loading submodule; last wins

Exclusion
Static

Static

Static

Static

Static

Mechanism
From-imported submodule is a
dependency, so the import is a cycle

Modules which strictly contain the target
of a plain import are checked, importing
module included

Qualified names resolve through imports
of referring module

Member must be definitely assigned

Names bound by module disjoint from
names of its submodules

Figure B.1-3: Python import and module behaviours excluded by PurePy
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alone, Python resolves pkg. sub.y if some earlier import, anywhere in the program, has loaded pkg. sub, and
raises AttributeError otherwise. An attribute of a module can be set both by an assignment in the module
body and by loading a same-named submodule, each overwriting the other, so the value of the attribute depends
on load order. Consider a program with four modules:

_main__

import pkg

print (pkg.sub) # 1

# pkg.sub
# (empty)

# helper # _
import pkg.sub

# pkg
sub:

int = 1

Here helper is never imported, so pkg.sub never loads, and pkg.sub in the main module denotes the
assignment. Now let the main module also import helper, which it does not otherwise use:

# __main__

import helper

import pkg

print (pkg.sub) # <module 'pkg.sub'>

Loading pkg. sub, wherever in the program it happens, sets it as an attribute of the shared pkg object, so the
extra import changes the meaning of pkg. sub in the main module, even though it does not import pkg. sub.
PurePy rejects pkg, because it binds the name of its submodule.

B.1.5 Compatibility with mypy

Some rules reject programs that could be accepted without loss of soundness, only so that a well-typed program
is also well typed under mypy (Chapter 3). Figure B.1-4 lists each restriction with mypy’s verdict and the rule
that enforces it. Figure 1.2-1 includes bugs reported in mypy which make it reject some well-formed programs.

Construct

Call returning None as an
expression

Body that may fall through at a
return type such as int | None

Assertion of expression of type

Literal [False] other than False,

such as (False,) [0]

Bare return at such a return type

Match whose cases cover a class
field by field

Pattern variable after a case
excluding a field value

list[bool] below list[int]

Declaration or import of a name

already a parameter, imported name,

pattern variable or declaration of
the scope

mypy
Rejects any use of the value

Reports a missing return

Types (False,) [0] at bool, so
reports a missing return

Reports a missing return value

Narrows the scrutinee by whole
classes, so reports a missing return

Binds at the field type

Rejects; list and dictionary types
invariant

Rejects the redeclaration

Mechanism
call requires a result other than None; the call is a
statement (call-stmt)

def-body requires outcome Returns unless the return
type is equivalent to None

assert-false applies to the literal False only

return-none requires the return type equivalent to None
Exhaustiveness decided by the remaining type (match)

Bindings taken from the remaining type (match-case,
check-var)

subty-list and subty-dict require equivalent
components

Context scope(y, s) of the body undefined unless the
names are pairwise distinct; a declaration alone
requires only that its name be unbound (declare)

Figure B.1-4: Restrictions imposed for compatibility with mypy

B.2 Features excluded from this version

Figure B.2-1 lists common Python features excluded from this version (§1.1).

B.3 Runtime errors prevented by well-formedness

Well-formedness prevents the Python runtime errors listed in Figure B.3-1 as well as the statically excluded

behaviours of Figure B.1-2.
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Feature
Sets

Operators

Expressions
Literals

Assignment

Parameters and arguments
Function definitions
Classes

Patterns

Types

Imports

Exceptions and effects

Library

Examples
Set literals, set comprehensions, set and frozenset

Bitwise operators &, |, =,
None, True or False

,<< and >>; chained comparisons a < b < c; is and is not with

Slicing, f-strings, starred expressions, dictionary unpacking

Complex, bytes and ellipsis literals

Unpacking assignment a, b = t, chained assignmenta = b = 1, unpacking in
comprehensions

Default values, *args, *xkwargs, keyword-only and positional-only parameters, unpacking in
argument lists, print with several arguments or keyword arguments

Decorators

Classes other than dataclasses, methods, class decorators other than @dataclass, field defaults,
multiple inheritance, class keyword arguments, enumerations, classes defined outside module
top level, classes as values

Case guards, or-patterns, star patterns, attribute value patterns, complex and bytes literal
patterns, rest capture in dictionary patterns

Bounds and constraints on type parameters, ParamSpec, TypeVarTuple, type statements
outside module top level, Callable[..., int], tuple[int, ...],Literal with several
values, string annotations

import a as b,from a import b as c,import a, b, relative imports

try, except, finally, raise, with, async, await, input, open, expression-level printing
Standard library modules other than builtins, dataclasses, sys and typing, such as re;
attributes of those modules not listed in Figure 2.4-1, such as sum and sys.version; attributes
of built-in types other than mutating methods, such as str.upper

Figure B.2-1: Common Python features excluded from this version

Python error
NameError,
UnboundLocalError

ModuleNotFoundError
ImportError
AttributeError

TypeError

Mechanism See

Variable use permitted only where definitely assigned; fields and Figure 3.3-1,

base class required to name earlier type definitions Figure 3.2-1,
Figure 3.3-5

Import target required to be a program module Figure 3.5-2a

Each imported name required to be a member of the source module;  Figure 3.5-1,
import cycles rejected, where Python may run or fail depending on  Figure 3.5-3
entry point

Module attribute required to be definitely assigned; object attribute ~ Figure 3.2-1
required to be a field of the class

Operator overload required at operand types Figure 3.2-1
Callee required to be a function or class, with arguments matching  Figure 3.2-1
parameters or fields

range rejected as base class Figure 3.3-5

Constructor pattern required to match class arity; Python permits
fewer sub-patterns

Figure 3.4-4a

Figure B.3-1: Python errors prevented by well-formedness
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